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Part 1

Discrete-Time Finance Models



Chapter 1

Basic Concepts and One Time-Period

Models

1.1 The Basic Setup

We consider a security market with the following conditions:

e There are only two consumption dates: the initial date ¢ = 0 and the terminal date

t =T'. Trading takes place at t = 0 only.
e There are finite number of states of economy
0= {w17w27' ’ '7wJ}

with the probability at state w; being P(w;).

Hence (2, F, P) consists of a probability space with the o-algebra being all the subsets
of €.



e There are N primitive securities. The n-th security has price p, at time 0 and

terminal payoff

Thus, we have a price system
!
)

b= (p17p27"'7pN)

where ' denotes the corresponding transpose, and the payoff matrix

dl(wl) dN(wl)
D : :
di(wy) -+ dy(wy)
e Investors are price takers and have the homogeneous belief P = (P(w;), P(ws),---, P(wy)).

e There is only one perishable consumption good.

1.2 Trading Strategies

If an investor possesses 6, shares of security n, the portfolio of the securities of the investor
has the payoff ¥ 0,d, at time T. Let e(0),e(T) be the initial endowment and the

terminal endowment for the investor, respectively. Thus, the investor’s consumptions are

c(0) = 6(0)—2_:1%2%, (1.1)
o(T) = e(T)—l—iV:Hndn. (1.2)

We call 8 = (61,0s,---,0x)" a trading strategy. The set B(e, p) containing all consumption
processes ¢ = (c(0), ¢(T")) over all # is called the budget set with respect to the endowment
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process e = (e(0),e(7)) and the price system p. Mathematically, a budget set is an affine
space of R/,

A consumption process is said to be attainable if its terminal consumption can be
expressed as the payoff of a portfolio, i.e.

o(T) =" 0,d,.

n=1

It is easy to see that a consumption process is attainable if and only if
Rank(D) = Rank(D, ¢(T)).

It is also easy to see that the terminal consumption of any attainable consumption process
is in the image of the matrix D, regarded as a linear map. Thus, every consumption process
is attainable if and only if Rank(D) = J, therefore, if and only if there are J independent
securities. In this case, we say the market is complete. Otherwise, we say the market is
incomplete. We will see later that if the market is complete, any consumption process can
be priced uniquely.

When the market is not complete, there is a need to create new securities in order
to complete the market. One approach is to create derivative securities on the existing
securities such as European-type options.

A European call option written on a security gives its holder the right( not obligation)
to buy the underlying security at a prespecified price on a prespecified date; whilst a
European put option written on a security gives its holder the right( not obligation) to
sell the underlying security at a prespecified price on a prespecified date. The prespecified
price is called the strike price and the prespecified date is called the expiration or maturity
date.

Given a security with terminal payoff d = (d(w:), - -+, d(wys))’, the payoff of a European

call option with strike price K then is
max{d — K, 0}.
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Similarly, the payoff of a European put option with strike price K then is

max{K — d, 0}.

Example 1.1 Consider two securities with payoff d; = (1,2,4)", dy = (2,0, 1), respec-
tively. Since the number of the states is 3 and the number of securities is 2, the market
is not complete. Write a European call option on the first security with strike price 1.
Then its payoff is d3 = (0, 1,3)". These three securities are algebraically independent and
therefore complete the market. -

We now consider no arbitrage strategies. A trading strategy 6 = (6,60, --,0y)" is said
to admit arbitrage if either

N N
Z 0.p, =0, and Z 0,d, >0 (1.3)
n=1

n=1

with Y, 0,d,(w;) > 0 for some j,

or
N N
Z 0.p, <0, and Z 0,d, >0 (1.4)
n=1 n=1

These conditions imply that with the zero endowment process, we will be able to obtain a

nonzero nonnegative consumption process.

1.3 Characterisation of No-Arbitrage Strategies

We are now looking for the necessary and sufficient condition under which the price system
does not admit arbitrage.

We first recall the Hahn-Banach Theorem which will be used to derive the condition.

Theorem 1.1(Hahn-Banach) Let A and B be two disjoint convex sets in a Hilbert
space H. Assume that there exist a € A and b € B such that d(A, B) = ||a — b||, where
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d(A, B) is the distance between A and B defined by
d(A, B) = inf{||x — y||; for any z € A and y € B}.

Then, there exists a z € H and a scalar h such that for any x € A, x e z > h, and for any

y € B, yez < h. See Appendix B for a proof.

It is easy to see that the price system admits arbitrage if and only if some consumption
process with zero endowment process lies in the set R —{0}. Thus, no arbitrage condition
is equivalent to the condition that the sets B(0,p) and R]™ — {0} are separate. Suppose
this is the case. Let A = {x € R{" 29+ --- + x; > 3}. Then it can be shown (see
Appendix B) that there exist a € A and b € B(0,p) such that d(A, B(0,p)) = |la — b||.
By the Hahn-Banach Theorem, there is a 2 = (20, 21, - -, 27)" and a scalar h such that for
any x € A, 2’z > h, and for any y € B(0,p), y'z < h. Since B(0, p) is a linear space, y'z
is either 0 or unbounded from above on B(0,p). Thus, y'z = 0 for all y € B(0,p). This

means that
0'D'z = 20'p
for any 0, where z = (z1,--+, z;). That @ is arbitrary implies
D'a=p, (1.5)
where a = (%’%""’Z_J)I' It is easy to see that A > 0. Let s; be the vector whose

20

(j + 1)-th component is 1 and others 0. Then s; € A and hence s’z > 0, which implies
2 >0, j=0,1,---,J. Thus, a > 0.

Therefore, the price system does not admit arbitrage implies that there is a vector «,
all of whose components are positive, such that the equation (1.5) holds.

Conversely, if there is a positive vector « such that the equation (1.5) holds, there will
be no arbitrage. Otherwise, let 0 be an arbitrage trading strategy. Multiplying ' both

sides of the equation from the left gives an inequality, which is a contradiction.
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Summerizing the above arguments, we conclude that

Theorem 1.2 The price system does not admit arbitrage if and only if there is a positive

vector « such that

D'a =p. (1.6)

Let us now consider the case that one of these securities is a riskless bond, say the first
security. Denote r the rate of return of the bond. Thus, d; = (1 + r)p;. The first equality
in equation (1.6) gives (1+7)(a; +as+---+ay) =1. Let Q(w;) = (1+7)aj, j=1,---,J.
Then, Q = (Q(w1),--,Q(wy))" is a probability measure on (€2, F) and the equation ((1.6)
becomes

D'Q = (1+r)p. (1.7)

The nth scalar equation in (1.7) gives

J
Y du(w))Q(w)) = (1 +7)pa.
j=1
Thus,
_ EQ(dn)
Pn = 11r
and

Bo(Ra) = = du(w;)Quwy) — 1 =1,

P
where R,, = ;‘f—z — 1.

Hence, the price system does not admit arbitrage if and only if there is a probabil-
ity measure @) on (€2, F) such that under this measure, the price of each security is the
discounted value of its expected payoff and all securities have the same expected rate of
return. The probability measure () is often referred to as a risk-neutral probability mea-
sure. If the market is complete it uniquely exists under no arbitrage condition. However,

it the market is not complete, there are more than one risk-neutral probability measure.

10



1.4 Valuation

We now denote the time-0 price of a consumption process ¢ = (¢(0),¢(T")) by ¢(c). Then,

no arbitrage implies that for any attainable comsumption process with ¢(T') = S0, 0,d,,,

d)(C) = C(O) + Z: 0npn- (18)

This formula itself is trivial but it represents a very important principle in pricing securities.
That is, if the payoff of a security can be hedged by forming a portfolio of the existing
securities, the price should be equal to the initial value of the portfolio. We will see later
on that the same principle is applied to many multi-period models.

On the other hand, since the price of each existing security can be written as the

discounted expected value of its payoff under a risk-neutral probability measure, we have

60) = o(0) + Zn=rPnEell) _ ) %HEQ{; Oudl). (1.9)

This formula represents another important principle in pricing securities. It says that
the price of a security is the discounted expected value of its payoff under a risk-neutral
probability measure, discounted at the risk-free rate. This principle is often applied to
American type options as well as continuous time financial models.

It is easy to see that the price of an attainable consumption process is uniquely deter-
mined no matter which risk-neutral probability measure is used. Thus, when the market
is complete, every consumption process is priced uniquely.

Consider now the following securities: for each 7 = 1,2,---,.J, the payoff of the j-th
security is

1, w=w;j
Xj(w) = (1.10)
0, otherwise
These securities are usually referred to as the Arrow-Debreu securities which pay one unit

at one state and nothing elsewhere. Their prices ¢;, j = 1,2,---,.J, called the Arrow-

Debreu prices or the state prices, can be easily determined when the market is complete.
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For each j,
1

:1—1—7"

6 = 1 Fal) = T Qw)) (1.11)

In other words, the risk-neutral probability for each state is actually the accumulated value

of the corresponding state price at the riskfree rate.

Example 1.2 Consider an economy with only two states: the upstate and the downstate,
respectively. The probability of the upward state is ¢ and the other is 1 — ¢. There are
two securities, one riskless bond with interest rate r and one stock with initial price S and

with return v at the upstate and return d at the downstate, u > d(Figure 1.1).

U

Figure 1.1: Return of the risky security

The payoff matrix then is

1+7r 14+7r
Su Sd

D' =

The no arbitrage condition is equivalent to v > 1 4+ r > d. The risk-neutral probability
measure @ = (qy, qq)" satisfies

_1+r—d u—1—r

qQu u—d y qd = u—d

For any given payoff C' = (C,, Cy)’, which could be the payoff of a call or put option, we

have the price
1+r—d)Cy+ (u—1—-1)Cq
u—d '

dc =Cuqu +Caqa = (1.12)
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On the other hand, suppose that a portfolio AS + B, where A is the number of shares of

the stock and B is the bond value, gives the same payoff as (Cy, Cy)’. We then have

ASu+B(l+r) = Cy (1.13)
ASd+B(l+r) = Cq4 (1.14)

Thus, A = gz‘u’ff), B = %. It is easy to verify that ¢ = AS + B. A is also the

derivative of the price of the security with payoff C' with respect to the stock price and is
often called delta by practitioners. -
We now consider pricing consumption processes in an incomplete market. It suffices to
price only the respective terminal consumptions since the price of a consumption process
is simply the sum of its initial consumption and the price of its terminal consumption.
Let ¢ be a price system on the terminal consumption space {c(T) € R’}. Then,
Y(Ae(T)) = Mp(c(T)) and (c'(T) + *(T)) = ¢(c"(T)) + ¥(c*(T)). In other words, 1 is
a linear functional on R”. Furthermore, the fact that 1 is a price system and it does not

admit arbitrage implies that

P(xg) >0, j=1,---,J, (1.15)

and

1

2 v0G) = 1o (1.16)

If we require the price system 1) to be consistent with the current price system p =
(ph T 7pN)Ia Le. w(dn) =DPn,N = 17 T 7N7 we have
J
>~ dn(w))¥(x;) = P (1.17)
j=1
Define Qy(w;) = (1+7)¢(x;),j = 1,---, J. These three conditions (1.15), (1.16) and (1.17)
give

D'Qy = (1+r)p. (1.18)
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Thus, they together are also sufficient conditions for a consistent no-arbitrage price system
for all consumption processes.

The correspondance ¢ — (), is an one-to-one correspondance since a linear functional is
uniquely determined by its values on a basis which is x;,7 =1,-+-,J, in our case. Thus,
the number of price functionals is equal to the number of the risk-neutral probability
measures for the price system p = (py,---,pn)’. Moreover, if Rank(D) = N, there are
exactly J — N independent price functionals and any other price functional is a linear
combination of those.

From the equation (1.18), for any consistent no-arbitrage price system ¢, there is a

unique risk-neutral probability measure (), such that

1
0(e(T)) = —Fo, (e(T)) (1.19)
1.5 Risk Premiums
As in the preceding section, we let
dy,
R,=—-1
Pn

be the rate of return of security n. Denote the expected rate of return under the probability

measure P by

EP(dn)
pn

This is the expected rate of return based on the investors homogeneous belief. Hence, the

difference u,, — r between the expected rate of return and the riskfree rate of return is the

risk premium for security n. If we let z = g — 1, independent of the securities, then
o =7 = Ep(R) = Eql(Ry) = Epl(L = G)Ra] = ~Covp(eR). (120)
For any given portfolio zf;;l 0,.p, with the rate of return
R= 727]}1 Ontn _ 1,
> n=1 nDn
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and the expected rate of return p = Ep(R),
p—r1r=Ep(R)— Eg(R) = —Covp(z, R), (1.21)

since Eg(R) =

If z is attainable, i.e. 2 = EN 1 €nd,y, then,

o= (D ep)(1+ 1)

where R, is the rate of return of portfolio z. We have

EP(RZ) —-Tr= _(Z:lgnpn)varP(Rz),

and
N
Z gnpn COVP RzaR)
Therefore,
COVP(RZ,R)
—r=—"2"(Ep(R,) — 7). 1.22
per = S ey Be(B) (1.2

The equation (1.22) is in the form of the well-known Capital Asset Pricing Model(CAPM).

COVP (R‘, ,R)
rp(R:)

market beta. Since the covariance operator and the variance operator are invariant under

z is referred to as the market portfolio and the quantity is referred to as the

parallel shifting R — R + a, the above formula also holds when the rates of returns are

replaced by the returns per unit. The latter is used in the standard CAPM setting.
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Chapter 2

Discrete-Time Stochastic Processes

and Lattice Models

2.1 Discrete-Time Stochastic Processes

let (€2, F, P) be a probability space. F then is the collection of all possible random events.
Thus, F represents all the information contained in this probability space.

Let F; be another o-algebra defined on €). If F; is coarser than F, the probability
space (2, Fi, P) contains less information than (Q, F, P) does.

Example 2.1 Let F; = {¢, Q}. F; is the coarsest o-algebra which contains no information
at all.
Let F5 be the set of all subsets of €2. F, is the finest o-algebra which contains all the
information from the underlying space (2. -
Let X be a random variable defined on (€2, F, P). How much information would we be
able to obtain from X7 Obviously, any random event we could observe through X will be
represented by the values of X on the random event. If two events give the same range

for X, we will be unable to distinguish them. Hence, all possible random events we can
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observe from X are in the o-algebra generated by events {X < z}, for all real numbers
x. We call the o-algebra generated by {X < z},z € R, the Borel o-algebra with respect
to X and denote it as Byx. Hence, By represents all the information that can be obtained

from X.

Example 2.2 Suppose that X is a random variable which only takes a finite number
of different values uy,ug,---,u;. Let w; = {X = u;}, j = 1,2,---,J. Then By is the
collection of all subsets of {wy,ws, -, ws}. ]

Consider now all the time-dependent random events in F. Let JF; be the collection of
all possible random events that may happen before or at time ¢. Then, (i) F; is a o-algebra
coarser than F; (ii) if ¢t < s, F; C F,. Thus, {F;, t > 0} define an information structure
on (2, F, P), with F; representing the information up to time ¢. In probability theory, any
collection of o-algebras which satisfies (i) and (ii) is called a filtration on (€2, F, P) and the
quadruplet (Q, F, F;, P) is called a filtered space.

At this moment let us consider a discrete-time setting: ¢ = ¢y, ¢y, ---. Without loss of
generality, assume t = 0,1, 2, - - -. If we have a sequence of random variables X (0), X (1),-- -,
X(t),---,such that X (¢) is a random variable on (2, F;, P), then the sequence X (0), X (1),---
X(t),---, is called an adapted discrete-time stochastic process on (Q2, F, F;, P). In these
notes, we always assume that a stochastic process is adapted and simply call it a stochastic
process.

Given a stochastic process X (t), t = 0,1,---, we want to see how much information
we will be able to obtain from it. As we have mentioned above, By is the informa-
tion we can obtain from the random variable X (¢). Thus, the information up to time ¢
from the stochastic process X (t), t = 0,1,---, is the o-algebra generated by the random
events in Bx (), Bx(1), -, Bx(). In other words, it is the smallest o-algebra containing

Bx 0y, Bx (1), "+, Bx(). We denote this o-algebra as B;. It is easy to see that
BycBCc---CB,C---CF
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Thus, B;, t =0,1,---, form a filtration on (£, F, P), called the Borel or natural filtration
with respect to X (¢), ¢ =0, 1,---. This filtration contains exact information obtained from
X(t), t =0,1,---, and B; is the exact information obtained from X (¢), ¢t =0,1,---, up
to time ¢. Since X () is F-measurable, B; C F;. Hence the information contained in the
Borel filtration is no more than that in the original filtration F;, ¢t =0,1,---.

So far, we assume that we are given an information structure or filtration F;, ¢t =
0,1,---. Based on this information structure, we define a stochastic process and its Borel
information structure. But very often, what we have is a sequence of random variables
X(t), t=0,1,---, defined on (2, F, P) without having the information structure F, t =
0,1,---. In other words, the sequence of random variables is the only source we can obtain
information from. In this case, we may directly define B; from the sequence X (t), t =
0,1,---, as above. It is easy to see that (Q,F,B;, P) is a filtered space and X(t), t =
0,1,---,is a stochastic process on it.

Finally, we extend our discussion to vector-valued stochastic processes. We say a se-

quence of random vectors
(X1(t), Xao(t), -+, Xn(t), t=0,1,---,

is a stochastic process on (2, F,F;, P) if for any n = 1,2,--- N, X,(¢), t =0,1,---,
is a stochastic process on (2, F, F;, P). The corresponding Borel o-algebra B; is de-
fined as the smallest o-algebra containing the Borel o-algebras generated by X, (s), n =

1,2,---,N; s=0,1,--,t.

2.2 Random Walks

Random walks are one of the simplest discrete-time stochastic processes. Because they
are simple, intuitive and have other appealing features, they have been widely used in

modeling securities. In this section we show how a random walk is constructed and how it
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can be used to model securities.
Let Y3,Ys, -+, Y%, - - - be a sequence of independent, identically distributed(iid) Bernoulli
random variables defined on a probability space (£, F, P). First, let us assume that for a

given h > 0,

h
Y, = (2.1)
—h

and

Pr(Y), = h) = Pr(Y), = —h) = (2.2)

DN | =

—

We now construct a random walk over the time period [0, T as follows:

An object starts at a position marked 0. It moves once only at a time interval with
length 7 > 0. We choose 7 such that 7" is a multiple of 7. During each time interval
the object either moves up h units with probability % or moves down A units with

probability %
Let X(¢) be the position of the object at time ¢. Then we have
X(t)=Yi+ Yo+ - +Yf (2.3)

where t = ¢r. Apparently, X (¢) is binomially distributed. The Borel o-algebra B, with
respect to this process is the collection of all the subsets of the set of all possible paths up

to time ¢. For example, B, is the collection of all the subsets of
{(ha h)a (ha _h’)v (—h, h), (_h’a _h)}

Let P(z,t) denote the probability that the object is at position z at time ¢, i.e. P(z,t) =
Pr(X(¢t) = z). Then when x is reached by moving up m times and moving down ¢ — m
times, we have
t 1;
P(l‘,t) = (_) y L= (2m o E)ha (24)
m 2
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m=0,1,---,1.

We can also easily compute its mean and variance.

E(X(t) = tEM) =0, (2.5)
_ _ h?
Var(X(t)) = tVar(Y)) =th®> =t—. (2.6)
T
Moreover, there is a recursive relation among P(z,t),t = 0,7, ---. It follows from

Px,t+7) =Pr(Xi=2—Yin) = E(Pr(Xi =2 — y)[Yi = y)

that
P(x,t+71)= P(h,7)P(x — h,t) + P(—h,7)P(x + h,t), (2.7)

with P(0,0) =1, P(z,0) =0,z #0.

In the above case,
1
P(x,t+71)= §[P(x—h,t)+P(x+h,t)]. (2.8)

Next, we consider random walks with drift. As we have seen in the previous discussion
that the mean and variance of the random walk discussed are proportional to the time that
has passed. In other words, the average mean and variance over time remain constant.
Furthermore, the move at time ¢ only depends on the position of the object at time ¢,
not the positions in the past, which is called the Markov property. Those properties are
appealing since many risky securities enjoy the same properties. However, in practice, the
average mean of a risky security is often nonzero. Thus there is a need to extend the
random walk we have considered.

Let us now design a random walk X (¢), ¢ =0, 7,27,..., with a constant average mean

and a constant average variance, namely
E(X(t)) =tu, Var(X(t)) =to’. (2.9)
There are two approaches to achieve this goal.
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1. Adjust the probabilities of the up movement and the down movement. Let
Pr(Y,=h)=¢q, Pr(Yy=-h)=1-—q.
To satisfy equations in (2.9), we must have

h(2q — 1) 4h*q(1—q)
= ,

which yields

1 1
_ ]2 2.2 — I
h =\/o?1T + p?r?, q-2[1+ 1"‘02/#27]' (2.10)

The corresponding recursive formula becomes
P(z,t+71)=qP(x — h,t) + (1 — q)P(z + h,t). (2.11)

2. Adjust the magnitude of the up movement and the down movement separately.

1 1
PI"(Yk == hl) = 5, PI'(Y}C == —hz) == 5
Since
1 hi+h
B(Yi) = 5 = ha), Var(y) = ("2
hi—hy (b1 4+ h2)*
or M T T
This yields
hy = ur + o7, hy = —pur +o/7. (2.12)

The recursive formula is the same as (2.8).

We now illustrate how a random walk with drift can be used to model the price move-
ment of a risky security.
Consider a risky security for the time period [0, 7). Assume that during the period

[0, T, there are T trading dates, £ = 0,1,--+,7 — 1, separated in regular intervals, i.e.
=

t/T, where 7 is the time between two consecutive trading dates. At each time ¢, there
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are only two states of economy over the next time interval: the upstate and the downstate.
The probablities of the upstate and the downstate are ¢ and 1 — ¢, respectively. The return
of the security over the next time interval is © when the upstate is attained and d when
the downstate is attained. Suppose that S(t) is the price of the security at time ¢. Define
that Y7 = log S(t) — log S(t — 7). Then Y7 is a Bernoulli random variable with

Pr(Y; =logu) =¢q, Pr(Yz=logd)=1-q. (2.13)

Let X(t) = Y1+ Yy + -+ Y. Then X(¢) is a random walk and the price S(¢) can be
expressed as

S(t) = S(0)eX W, (2.14)

If we further require that the logarithm of S(#) have constant average mean p and

constant average variance o?, our first approach gives

w=eVoTHIT = VT (2.15)

q:%[lﬂlm]. (2.16)

The first-order approximation on 7 in (2.15) and (2.16) yields the well-known binomial

and

model of Cox, Ross and Rubinstein|[5].

If we use the second approach, then ¢ = % and

w= etV 4 = etV (2.17)

This is similar to the model proposed by Hua He[14].

2.3 General Lattice Models

We now consider a security market with the following conditions:

22



e There are 7'+ 1 consumption dates separated in regular intervals. Without loss of
generality, we assume these dates are t = 0,1,---,7. Tradings take place only at

t=0,1,---,T — 1.
e There are a finite number of states of economy
Q= {w17w27"'7wJ}

with the probability at state w; being P(w;).

Hence the o-algebra F of this probability space (2, F, P) is the collection of all the
subsets of 2.

e There is an information structure
{fta tZO,l,"',T} (218)

on (2, F, P) such that Fy = {¢, Q} is the trivial o-algebra and Fr = F. Thus, at
the beginning of the period, there is no information and at the end of the period, all

information is available.

e There are N primitive securities with price process

p(t) = (pl(t)7p2(t)7 e 7pN(t))l7 t= 07 17 te '7T7

where p,,(t) is the price of security n at time ¢. The prices (p;(T), p2(T), - -+, pn(T))
at time T is actually the terminal payoffs of those securities and sometime we denote

them by payoff matrix

dl(wl) dN(wl)
dl(CUJ) dN(wJ)
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Since at time ¢ the securities are priced based on the information available up to time

t, the price process

is a stochastic process on (Q, F, F;, P).

We further assume that one of these securities, say, the first security, is a riskfree

bond with constant interest rate r over each time interval. Thus, p;(¢) = (1+7)'p(0).

e Investors are price takers. They share the same information represented by {F;, ¢t =

0,1,---,T} and have a homogeneous belief P.
e There is only one perishable consumption good.

A trading strategy 6(t) = (61(t),---,0n(t)) at the time ¢ is such that after trading the
investor owns 6, (t) shares of security n at time ¢. A trading strategy for the period [0, T

is then

8(0),0(1),---,0(T — 1).

Since 60(t) is determined at time ¢, it is a random vector on (€, F;, P). Thus, 0(t), t =
0,1,---,T — 1 is a stochastic process on (2, F, F;, P).

Let e(t) be an endowment at time ¢ which is a random variable on (€2, F;, P). Hence,
the endowment process e = (e(0),e(1),---,e(T)) is a stochastic process on (2, F, F;, P).

A stochastic process ¢ = (¢(0),¢(1),---,¢(T)) is called a consumption process with
respect to the endowment process e and the price process p if there is a trading strategy
0(t), t =—1,0,1,---,T such that

N
c(t) = e(t) + ;(%(t — 1) = 0u () pn(?), (2.19)

fort =0,1,2,---,T, where 0,(—1) =0, 6,(7) = 0. Similar to the one time-period case,

a consumption process ¢ = (¢(0),¢(1),---,¢(T)) is attainable if there is a trading strategy
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6(t) such that

N
c(t) = D (On(t — 1) — 0u(t))pa(t), (2.20)
n=1
fort=1,2,---,T. A market is complete if every consumption process is attainable.

A self-financing trading strategy is a trading strategy such that

N
> (0n(t = 1) = 0, (t)pu(t) = 0, (2.21)
n=1

fort =1,2,---,7T — 1. In other words, under a self-financing trading strategy an investor

consumes only his/her endowment, no more and no less, on any intermediate trading date.
It is easy to see that a consumption process with no intermediate consumptions is attainable
if and only if the corresponding trading strategy is self-financing.

In this section we examine the relation of prices between any two consecutive trading
dates.

Let p(t), t =0,1,---,T be the price process and F;, t = 0,1,---,7 be the infor-
mation structure we defined in Section 2.3. As we have assumed that €2 consists of only
a finite number of states, it can be shown that each F; is generated by a finite partition
{F}F2,--- F™} ie. UM Fi =Q, FINF =@, i # j, and each F! is indivisible in ;.
To see this, given any w € Q, let Fj(w) be the smallest set in F; containing w. All such
sets then either coincide or completely separate. Thus all different F(w), w € Q, form a
finite partition of Q. From the indivisibility of each F}, every random variable defined on
(2, F, P) is constant on F}.

Let now the partition {F} |, F? |,---, F,"{"} generate F,_;. It follows from F;,_; C F,
that each Fg,1 is the union of a finite number of F}’s. Without loss of generality, we may
number w is such a way that, for each t, there are

1< <ig < ove <y o1 <Yy
such that (Figure 2.1)
Ft171 = U;:l:lFtia Fthl = U;:Z:il-i—lFtiv B Ftrﬁtfl = U Fti' (2.22)

i:imt,1—1+1
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Figure 2.1: Tree structure of a lattice model

Thus, i; —i;_; is the number of sets in F; split from F/ . Summarizing the discussion
above, we see that the model we consider is of a lattice or tree structure. Under this
structure,

thfla j:1727"'7mt—1

are nodes at time t — 1. The set F/, F/ C F/ |, is a branch coming from F} ;.

Recall that p(t — 1) is constant on each FY ; and p(t) is constant on each F. We may
denote these constant vectors as p(F} ;) and p(F}), respectively.

For each F/ |, we now construct a one time-period model as follows: p(Fg,l) is its price

system and
pl(Ftljflﬂ) e pN(FtZFIH)
D(F_)) = : : (2.23)

p(FY) - pa(FP)
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is its payoff matrix.
Thus, the multiple time-period lattice model is decomposed into a collection of the
associated one time-period models in which the payoffs of a price system are the prices on

the following trading date.
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Chapter 3

No-Arbitrage Valuation

3.1 No-Arbitrage Condition

Similar to the definition of arbitrage for one time-period models, we say a price pro-

cess p(t), t = 0,1,---,T admits arbitrage if there exists a trading strategy 6(¢), t =

0,1,---,T — 1 such that the associated consumption process
N
c(t) = D (On(t — 1) — 0u(t))pa(t), (3.1)
n=1
fort =0,1,2,---,7, is a nonzero, nonnegative consumption process.

We will show below that a price process does not admit arbitrage if and only if every
associated one time-period model defined in Section 2.4 does not admit arbitrage.
Suppose that there is an associated one time-period model which admits arbitrage, say
the one with price system p(F}) and payoff matrix D(F}). Thus, there is a trading strategy
0 = (01,0, ---,0y) such that
(—0'p(F}),0'D/(F)

is nonzero and nonnegative. Let 6(¢) = 0, when the state F} prevails; otherwise, 0(¢) = 0.

Then 0(t), t=0,1,---,7 — 1 is an arbitrage strategy.
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Conversely, Suppose that none of the associated one period models admits arbitrage
but the price process p(t), t=0,1,---,T admits arbitrage. Let 6(¢t), t=0,1,---, 7T —1
be an arbitrage strategy. Thus,

N

C(t) = Z(gn(t - 1) - gn(t))pn(t) 2 07

n=1
for t =0,1,---,T and ¢(s) > 0 at some node F".
Starting from the last time interval [T — 1, T, that

N
o(T) = 3 0u(T = 1)p,(T) > 0
n=1
and every one period model does not admit arbitrage implies
N
> 0,(T — 1)p, (T — 1) > 0.
n=1
It follows from ¢(7T — 1) > 0 that
N
> 0,(T = 2)p, (T — 1) > 0.
n=1
Continuing backwards over time in this manner, we have
N
> 0a(t)pa(t) > 0,
n=1

fort=s,s+1,---,T — 1.

Since c¢(s) > 0 at node F!, ¥_ 6,(s — 1)p,(s) > 0 at node F'. The same argument as

above can show that for t =0,1,---,s — 1, at at least one node at time ¢
N
> Ou(t)pa(t) > 0.
n=1

In particular, —¢(0) = 2N, 6,(0)p,(0) > 0, which is contradictory to ¢(0) > 0.
Hence, to verify whether a multi-period model admits arbitrage, it is sufficient to verify
whether its associated one period models admit arbitrage, which can easily be done as we

have shown in Chapter One.
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3.2 Risk-Neutral Probability Measures

We now always assume that the price process p(t), t =0,1,---,T does not admit arbitrage.
We will show in this section that under the no-arbitrage assumption, there is a probability
measure on (2, F) such that the present value processes are martingales with respect to
the information structure F;.

Consider the one period model at each node F/ ;. From Theorem 1.2, there is a risk-

neutral probability measure, denoted as Q(F} ;) such that
DI(Fiyfl)Q(FiyA) = (1+ T)p(Fg;1)- (3.2)

Define
Qt,w) = Q(FL))(F}), if we Fj C F/,.

Then, Q(t) is measurable on (Q, F;) and Q(t) is a probability measure on each F} ;. Let

Q=T1IQ®). (3.3)

We first show that @ is a probability measure on (2, ). The positivity of @) is obvious.
Let

1§i1<i2<"'<imT71—1<J

be the partition for the last time interval. Then
J J
Qwy) = Y TIQtw)

7j=1
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where Q(s, F}) = Q(s,w) for w € F} and s < t. It is well defined since Q(s), s =1,---,¢

all are Fi-measurable. Proceeding in this manner yields

> Q) = - =§Q(1,F{“) _1. (35)

Furthermore, for any F} € F,

QUE) = > Q)= > [[Q,w)

quEFti quEFti s=1

= l_TlQ(S,FE) > I Q). (3.6)

ijFti s=t+1

The second factor in (3.6) is equal to one , which can be derived exactly as was done in

(3.4) and (3.5). Thus,
QUF) = I:IIQ(S7Fti)' (3.7)

For any pair F} C F/ ,, the conditional probability

Hé:l Q(Sa th)

F'|Fl ) = L —Q(t, F') = Q(FL,)(FY), 3.8
Q(F} [F) 0 O(s. Fy) Q(t, Fy) = Q(FL_1)(F}) (3.8)
since Q(s, F) = Q(s, F{_)) for s =1,---,t —1.
We now introduce the present value process
an(t) = (1+7)"'pa(t), (3.9)
for security n, n =1,---, N. In fact, a,(t) is the present value at time 0, of the price of

security n at time ¢, discounted at the riskfree rate r.

Recall that a stochastic process X (t) on (2, F, F;, P) is called a martingale if
E(X(t) |[Fio1) = X(t - 1). (3.10)

We now show that a,(t) is a martingale under the probabilty measure Q.
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For any F/ | € F_y,

Eqlan(t) |F/ 1) = (L+7)"Bq(pa(t) [FY)

= (1+7)" X pa(F)QF |FL)

FicF] |
= (1+7r)" Y p(F)HQFL)(F)
FicFl |
by (3.2)
= (14+7r) "™ (F ) =a,(t—1,F ).
Therefore,
Eg(a,(t) |Fio1) = an(t — 1). (3.11)

Moreover, for any s < t,

Eq(an(t) [Fs) = an(s). (3.12)

This can be easily derived from E(E(X|F)|F,) = E(X|F,), where F, is finer than .
Hence, if the price process p(t), t = 0,1,---,T does not admit arbitrage, there is a

probability measure ) such that the present value processes a,(t), t = 0,1,---,T; n =

1,---, N are martingales on the filtered space (2, F, F;, Q). It is proved below that this is

also true conversely.

Theorem 3.1 A price process p(t), t = 0,1,---,T does not admit arbitrage if and
only if there is a probability measure ) such that the present value processes a,(t), t =

0,1,---,7; n=1,---, N are martingales on the filtered space (Q, F, F;, Q).

Proof: It is enough to prove the sufficient part.
Let Q@ be such a probability measure. For each node Fg',l, define a probability measure

Q(Ft]_l) for the associated one period model as follows: for each F} C Fl,,
QFL,)(F)) = Q(F} |FLy).
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From

Eq(an(t) |Fi1) = an(t = 1),

we have

D'(FL)Q(FLy) = (1+7)p(FL,).
Thus, none of the one period models admits arbitrage, neither does the multi-period model.
1

The probability measure () under which the present value processes are martingales is
called the risk-neutral probability measure.

So far, we have assumed that the riskfree rate is a constant and nonrandom throughtout
the entire period [0, T']. More realistically, the interest rate should be assumed to depend on
the information available up to a current point in time. Mathematically, this is equivalent
to assuming that the interest rate process r,, ¢t = 1,---,T, is a predictable process(a
stochastic process X (t) is said to be predictable if X (¢ + 1) is a stochastic process). Let
us denote the discount function at time t as

1

R/ = : 3.13
t (1+7"1)(1+7"2)(1+7"t) ( )
Then the present value processes are
an(t) = R, 'pa(t), t=1,---,T, (3.14)
for n = 1,---,N. All the results for multi-period models we have discussed and in the

following sections can be extended to hold in the case that the discount function is defined

in (3.13).

3.3 Valuation

In this section, we assume that the market is complete. The discussion of pricing in an

incomplete market will be similar to that in Section 1.4.
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Since any consumption process ¢ = (c(t), t = 0,1,2,---,T), is attainable, we have a

trading strategy 0(t), t =0,1,2,---,T — 1 such that

N
c(t) = D (On(t — 1) — 0u(t))pa(t), (3.15)
n=1
fort=1,2,---,T. No-arbitrage implies that the price of this consumption process is
N
¢(c) = c(0) + > 0.(0)p.(0) (3.16)
n=1

This formula suggests that the consumption process ¢ = (¢(t), t =0,1,2,---,T) could
be achieved by rebalancing a portfolio with initial value ¢(c) at each trading date: at time
0, consume ¢(0) and form a portfolio with 6,,(0) shares of security n; at time 1, adjust the
portfolio so that we own 6,(1) shares of security n and consume the rest which is exact
amount of ¢(1), and so on. This process is often called replication or dynamic hedging.
When a security has no intermediate consumptions, which is the case for many derivative
securities, the price of this security is the value of a portfolio which replicates the terminal
payoff of the security through a self-financing trading strategy.

Another approach is to use the risk-neutral probability measure. Similar to the one
period case, the price of a consumption process can be expressed as the expected present
value under the risk-neutral probability measure.

Let

a=c(0)+ ; (lc—f—t)r)t' (3.17)

a is the present value of the consumption process.

Fola) = o(0)+ Y 2al)

t=1 (1 + T)t
= ¢(0)+ ;T; gjl Eq(0,(t — l)pyétiz T_)tEQ(gn(t)pn(t))-

Since
Eq(0n(t — )pu(t)) = Eq|Eq(0n(t — 1)pa(t) |Fiz1)] = (14 1) Eq(0n(t — Lpa(t — 1)),
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r X EQ(en(t—1)pn(t—1))_EQ(en(t+1)pn(t))]

= = (14 r)t-t (14 r)t
— 0+ X 0,000 = 610) (3.18)
In particular, if we let
Xpi(w) = Lowek (3.19)

0, otherwise

be the Arrow-Debreu security which pays one unit when the state F} prevails and zero

otherwise. Then, the corresponding price is

L EBolxm) - Q(F)
O(Xry) = I (3.20)

Although both approaches produce the same price for a financial security under the
ideal assumptions we have used, which should be used in practice depends on the type
of the security. In many cases, the risk-neutral valuation approach is simpler than the
dynamic hedging approach, especially when a security is a European type derivative. This
can be seen in the next section where a European call is considered. However, the dynamic
hedging approach offers more flexiblities. it allows us not only to deal with non-European
derivatives but also to deal with the valuation problem for models under more realistic
assumptions. Many features such as dividend payments, transaction costs can be dealt with
easily. The valuation of American derivatives is illustrated in the next section. Applications

of the dynamic hedging approach to models which incorporates transaction costs can be

found in [4] and [3].

3.4 Binomial Models of Option Pricing

Consider now a market with only two securities: a riskless bond and a stock. Both are

traded over the period [0, T]. There are T trading dates, £ =0,1,---,T — 1, separated in
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regular intervals. The stock price S(t) follows the random walk model described in Section

2.2. Hence,

Pr{S(t) =uS({t—171) |S(t—7)} = g,

Pr{S(t)=dS(t—71) |St—7)} = 1—¢q, 0<qg<]1, (3.21)
for t = 7,---,T. The interest rate of the riskless bond at each trading period is r.

It is easy to see that the associated one period models are identical with the one we
presents in Example 1.2. Thus, the market is complete and the stock price does not admit
arbitrage if and only if d < 1+ < u. Moreover, under the unique risk-neutral probability
measure, the conditional probability measure at time ¢, conditional on ¢ — 7 is

1l+r—d u—1—r

g — g, = 3.22

qu

Therefore, the stock price S(¢) at time ¢ under the risk-neutral probability measure is

binomially distributed and
QUS(t) = S(0)u*d—*}) = ¢C(1—q)° s=0,1,---,1, (3.23)

fort=r7---,T.
We now try to price a European call option written on the stock with the strike price
K, expired at time T'. Let
C =max(S(T) — K, 0)

be the payoff of the call. Then by the result obtained in Section 3.3, the price of the call is

be = (1+47) TH(C)

T ] T i
= (147" max(S(0)u'dT - K, 0) al—q)"

s=0 S
= (1 —+ r)_T Z (S(O)usdf_s - K) QZ(I - Qu)T_s
leog(K{fg((()J};)’f‘ logd S
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= (1+7)7"5(0) > wd g (1 - q,)"

Szlog(K{fg((Ou)};)T log d S
- (141K > go(1—q.)" .
s>log(K/S(0))—’f‘logd S
= log(u/d)
Let
_ Uqy,
= . 3.24
Qu 1+ ( )
Then, from (3.22)
dqq
de = (1 —q,) = . 3.25
qd ( q ) T+ ( )
The price of the call can then be written as
T =5 —\T—s
¢ = S(0) > (1 — qu)
s>log(K/S(0))—T10gd S
= log(u/d)
- (1+nTK > go(1—qu)"
s>log(K/S(0))—’f‘logd S
= log(u/d)
T _
= 5(0) > 01— qa)"
S<’f‘log u+log(S(0)/K) S
Tog (u/d)
- 1+ 'K > q(1—q9)" . (3.26)
S<T10g u+log(S(0)/K) S
= Tog(u/d)

Denote d = Tlog“ljglf()i%(o)/ 1) and B(z; n,p) the distribution function of the binomial

distribution with parameters n and p, i.e.

B(z; n,p) =Y ! p'(l—p) . (3.27)
We have
e = S(0)B(d; T,qa) — (1+7r)"KB(d; T,qa). (3.28)



This formula is the well known option pricing formula of Ross, Cox and Rubinstein[5].
The delta is B(d; T,qy). Other Greeks can be calculated easily. It also reveals that to
replicate a European call, the strategy is to form a portfolio long in stock and short in bond.
Note that the first summation in the formula is the distribution function of the binomial
distribution with parameter ¢; and the second summation is the distribution function of
the binomial distribution with parameter ¢;. Hence both can be evaluated quite easily.

To value a European put option, we can either use the above approach or use the
put-call parity.

Let

P =max(K — S(T), 0)

be the payoff of a European put option with the strike price K, expired at time 7. It is

easy to see that
max(S(7T) — K, 0) — max(K — S(T), 0)=S(T) — K.

Hence if ¢, is the price of the put, we have

¢ — bp = (14 7)T[Eg(S(T)) — K] = S(0) — (1 + 1) 7K. (3.29)
This identity is called the put-call parity.

We now consider the valuation problem for American options. The payoff structure of
an American option is similar to its European counterpart. However, an American option
can be exercised at anytime before its expiration date. For example, an American call
option and an American put option written on a stock with the price S(¢) at time ¢ for
the period [0, T] can be exercised before time 7. Their payoffs, if exercised at ¢, will be
max(S(t) — K, 0) and max(K — S(t), 0), respectively.

The valuation problem for American options is generally much more difficult than Eu-
ropean options. Unlike European options, There are no closed form solutions for American

options. This is because the buyer of an American option holds the right to exercise at
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anytime and the problem becomes how to find the optimal exercise time at which the
expected discounted payoff for the buyer is maximized. Since a decision on whether to ex-
ercise should be based on the information up to date, an exercise time is a random variable
and is described as a stopping time in the probabilistic context. A stopping time 7 on a
filtered probabilty space (€2, F, F;, P) is a random variable such that for each ¢, the event
{T <t} belongs to F;.

Let g(S(t),t) be the payoff of an American option when it is exercised at time ¢. If the
decision to exercise this option is based on a stopping time 7, the valuation formula (3.18)

gives that the price of this option is
Eo{(1+1) 7g(S(T), T)}. (3.30)

Recalling that the buyer of an American option always wants to maximize the expected

discounted payoff, the value of this option then is
6y = max Eg{(1+ 1) T4(S(T), T)}. (331)

Maximization is taken over all stopping times over the period [0, T]. It is easy to see that
there is no put-call parity for American options since the optimal exercise time for a call
is different from the optimal exercise time for the corresponding put.

It is impractical to examine each of these stopping times in (3.31) in order to find
the optimal exercise time and the value for the option. However, under the discrete-time
framework we have disccussed in this chapter we will be able to find the optimal exercise
time and the option value through a backward recursive algorithm.

We begin with the last time interval. For t = T, define a random variable v(T'—1, Fr_1)
on (2, Fr 1) as

o(T — 1, Fp_y) = max {(1 +7) ' Eg{g(S(T), T)|Fr_1}, g(S(T—1),T—-1)}. (3.32)
Fort=1,---,T — 1, define a random variable v(t — 1, F; 1) on (Q, F; 1) as
v(t —1,F_1) =max {(1 +r) "Eg{v(t, F)|Fis}, g(SEt—1),t—1)}. (3.33)
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The value v(0) then is the price of this American option at time 0. Furthermore, v(t, F;)
is the value of the option at time ¢. In other words, the value of an American option is
calculated as the maximum of the expected discounted value of the same option at next

trading date and the current payoff. The optimal exercise time of this option then is
T, = min{t; g(S(1), 1) > v(t, 1)}, (3.34)

where if the set is empty, we define 7, =T
The rationale behind this algorithm is the following:
We choose 7y = T as an initial exercise time which of course is not optimal. If at a

node at time 17" — 1, say Fit |,
g(S(T = 1), T =1) > (1+ )" E{g(S(T),T)|Fi_,},

we define

T -1, at Fi_
T - T-1

To, otherwise.

Thus 77 will yield a higher expected discounted payoff than 7y. The same argument applies
to intermediate trading dates. After we exhuast all the nodes we obtain the optimal exercise
time and the value of the option.

The algorithm we discussed above is quite flexible. It can apply to other types of
options. For instance, we may use it to evaluate Bermudan options which allow their
buyer to exercise during a given period of time before expiration of the options. In that
case, we may use the algorithm for the exercise period and use an option pricing formula
for European options for the no exercise period.

Finally, we discuss the valuation of an American call option. We will see in the following
that there will never be an early exercise for an American call. Thus, the value of an
American call is the same as that of the corresponding European call. To see this it is

sufficient to show
max{S(t — 1) — K, 0} < (1 +7)"'Eg{max{S(t) — K, 0}|S(t —1)}. (3.35)
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The inequality (3.35) is in fact a direct application of the Jensen’s inequality which states
that for any random variable X and for any convex function h(x), h(E(X)) < E(h(X)).
Now choose h(S) = max(S — K, 0). We have

(1+ 1) Eo{max{S(t) — K, 0}|S(t — 1)}
> (14 7)) max{Eg{S(®)|S(t — 1)} — K, 0}

::mmw@—n—£%3@2mmw@—D—K0}

3.5 Binomial Interest Rate Models

Consider a bond market in which default-free bonds are traded during the period [0, 7.
The trading times are separated in regular intervals(trading periods) of length 7 as we

described in Section 2.2. Denoting ¢ = t/7, then,
t=tr, t=0,1,---,T

are the trading times.

Bonds are uniquely determined by their time of maturity. Thus, at time ¢ there are

T — t different bonds: ones with the maturity times ¢t = ¢t + 7,---,T. Let p(t, s) be the
price of a bond at time ¢ which pays one unit matured at time s.
Define
1 p(t,s+ 1)
f(t,s) = —= log [PL2T)
| p(t,s) ]

-
f(t,s) is called the forward rate at time ¢ for the time period [s, s+ 7]. It relates the bond

(3.36)

with maturity at s to the bond with maturity at s + 7, because
p(t,s+ 1) =p(t,s)e ") (3.37)

fort=0,7,27,---,T; s=t,---,T.
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The formula (3.37) yields
pt, s) = e L [(0kT) (3.38)

Hence the bond price structure is uniquely determined by this forward rate structure. To
model bond prices over a certain period, it is sufficient to model the respective forward
rates over the period.

We now define

5(t,5) = —- ! o, ). (3.39)

Then,
p(t, s) = e~ (s7Dobs) (3.40)

d(t,s) is the implied constant force of interest or the continuously compounded interest

rate over the period [t, s|. For each ¢, the sequence
é(t,s), s=t+7,---,T

is called the yield curve at time ¢. The yield curve at time 0 is simply called the yield curve.

The structure of the yield curves is called the term structure of interest rates. Comparing

(3.38) with (3.40), we have

1

f(t, k).

=t

1

i(t,s) = —

Sl
En

The short term rate r; at time ¢ is
(1+7) "t =e ™) = p(tt 4+ 7).
Thus the discount function defined in (3.13) is

R, = p(0,7)p(r,27) - p(t — 7, 1)

— e T Vo Sk (3.41)

It is obviously a predictable process.
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The present value process for the s-maturity bond is

a(t,s) = R;'p(t,s)

t—1

— 677[ o0 f(kTkT) +E ft k'r)} (342)

We now try to model the forward rates. As we have pointed out that the bond price
structure is uniquely determined by the forward rate structure, the simpliest way to model

the forward rates is to use random walks.

Let
f(O,S),f(T,S),-'-,f(S,S)

be the forward rate process. We assume that it follows a random walk:
f(t,s)=f(t—r1,5)+Y(t,s), (3.43)

where Y (¢, s) is a Bernoulli random variable with

Pr{Y(t,s) = ult,s)} =q(t),

Pr{Y(t,s) = d(t,s)} =1—-q(t), 0<q(t) <L. (3.44)

The choice of u(t,s),d(t,s) and q(t), t =0,7,---,T; s =t,---,T must be such that the
bonds are priced to avoid arbitrage. Equivalently, under our choice there is a risk-neutral

probability measure () such that the present value processes for all bonds are martingales
under Q).

Now,

alt,s) = ! E kT k)0 (b))
_ eff[zj;;g PR k) 430 f(t—r )+ 35 Y (k)]
t—2

— o T TR Y ST k)] = Y (LkT)

= a(t—rT,s)e 7 2 Y (k7). (3.45)
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Thus, a(t,s),t =0,7,--+,8; s =7,---,T are martingales under @ if and only if
Eq(e™ 20 1B, ) = 1. (3.46)
That is equivalent to the existence of Q(¢) such that 0 < Q(¢) < 1,t=7,---,T — 7, and
Q() -y ,utlcr +(1—Q(t)) -3 ,dtlw :1, (3.47)

forall 5=t+1,---,T.

In this model at each trading period there are only two states, which implies that
there is one factor to determine the price movement. Hence, it is a one-factor model.
Even so, this model is not easy to implement. One problem is the determination of its
parameters since they are time dependent. Another problem is that the number of the
states increases exponentially as the number of trading times increases. This sometime
makes the implementation of the model very difficult in practice.

To simplify this binomial model, assume that

1. q(t) = g, independent of t. Consequently, we look for the risk-neutral probability
measure ) such that Q(t) = Q is also independent of ¢;

2. The average variance of the forward rate process is constant:
Var[f(t,s) — f(t—7,5) |Bir] = o*r. (3.48)
The second assumption is equivalent to
Var(Y(t,s)) = o’
Since

Var(Y(t,s) = [(u(t,s) — d(t,5))(1 — )] ¢+ [(ult,s) - d(t,))q] (1 - )
= [(ult,s) —d(t. )] a1 — @) = o*r.

44



u(t,s) =d(t,s) +o

Denote

From (3.47), we have

Qef'r Ei;%u(t,k'r) + (1 - Q)e(sft)d)ef'r Ei;%u(t,k'r) -1

)

forall s =¢+1,---,7T. Taking the ratio of
_Tzk ,u tkT [Q+ (1 _Q) (5 t)/‘p] — 1

to

yields
1, Q- Qe
U(t, S) - ;lOg Q+ (1 _ Q) (s—tyy °
1 Qe 4+ (1= Q)els—0w

d(t,s) = ;log O+ =)0 (3.49)

The model we just obtained is the well known Ho-Lee model[16]. This model has a

very appealing feature: recombining. In a recombining binomial model, the security prices
are determined only by the number of upstates and the number of downstates that have
occured in the past and are independent of the order of those states occured. If a model is
recombining, the number of states increases linearly instead of exponentially. That enables
us to use a computer with limited memory and to greatly reduce computing time when
implementing it even with a large number of trading periods.

We now verify that the Ho-Lee model is recombining.

Let us consider the case with two trading periods. The case with more trading periods

can be discussed in a similar manner. Since
p(t 8) —e Tz tk:T
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we have

p(t+T,8) - p(t,S) Tf(t1) Tzk =f+1 Y (t+7,kT)
— p(t—TS) Tf(t—7,t—7)+T1f(t,t) Tz 7Ytk7' Tzk 41 Y (t+7,kT)

_ p(t—T S) Tf(t—Tt—7)+7f(t—T7,t)+7Y( tt—Tz 7Ytk:7' Tzk 1 t—l—Tk:T)

Suppose that at time ¢ — 7, the s-maturity bond is p(t — 7, s). The price p(t + 7, s) can be
attained in two ways: (i) the upstate prevails at time ¢ and then the downstate prevails at
time ¢+ 7; (ii) the downstate prevails at time ¢ and then the upstate prevails at time ¢+ 7.

Recombining means that the prices obtained from both ways agree. Thus,

5—1 5—1
u(t,t) =Y u(t,kr)— > d(t+7,kr)
k=t k=t+1
5—1 5—1
= d(t,t) = _d(t,kr)— > u(t+r7,kT). (3.50)
k=t k=t+1

This equation is automatically satisfied if the difference wu(t,s) — d(t, s) is constant and

independent of £ and s, which is the case in the Ho-Lee model as we have seen above.
Binomial models are widely used in practice to value interest rate sensitive securities

since they are easy to implement. Other binomial models include the Black-Derman-Toy

model[2] and the Pedersen-Shiu-Thorlacius model[22].

3.6 Multinomial/Multifactor Interest Rate Models

Binomial models however have some shortcomings. One may be that the yield rates are
perfectly correlated. In other words, if one rate moves up, all other rates move up simulta-
neously and if one rate moves down all other rates move down simultaneously. Although
in many real situations interest rate scenarios are of this pattern, there are situations that
long term rates and short term rates are moving in an opposite direction. Another possible

shortcoming is fitting a binomial model to market data. Since there are only two states
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in each time step, a binomial model sometimes will not be able to accurately reproduce
the current yield curve and the volatility structure. Thus, there is a need to develop more
general lattice models to accomodate these situations.
One approach is to extend the binomial model in the previous section to a multinonimial
model.
Let «;(t), 7 = 1,---,J be correlated random variables such that «;(t) = 0 or 1;
/-y a;(t) < 1. Denote P;(t) = Pr(oy(t) = 1).

The basic model is as follows: for any t =71,---,7T; s=t,t+7,---,T,

J
fts)=flt—1,8)+ > a;(t)u;(t, s), (3.51)

5=0
where ag =1 —oq —--- — ay. Hence, u,(t, s) is the increment of the forward rate process

at time ¢ when the state {«;(t) = 1} prevails.

Similar to (3.45), the present value process of the s-maturity bond is

alt,s) = e TIiio fbTEnTEIT f(tkT)

C o T SRR B B e (s (k)]
LTI STk f k)] = S S o (O (thr)
= alt—r, S)e—fzi; ST 0 (B (tk)

J

5—1
= a(t—71,8)e " 20 @ (g ui (k7)) (3.52)

The no-arbitrage condition implies that for each t, ¢t = 7,---,T, there is a probability

measure Q; = (Qo(t), Q1(t), -+, Qs(t)) such that

and
J 5—1
Z Q] (t)e_T Ek:t uj (t’kT) — ]_, (353)

fors=t¢t+1,---,T.
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In this model, we do not require that all the values u;(¢,s) be different. This is im-
portant since it allows us to incorporate several economical factors into the model. For
instance, if we assume that the forward rate process includes two random shocks and they
are represented by two correlated binomial processes, we obtain a two factor model. In
this case,

f(t,s) = f(t—1,s)+ Yi(t,s) + Ya(t, s). (3.54)
Let us denote the rate changes at time ¢ for the time period [s, s 4+ 7] in the upstate and
the downstate of the first random shock and the upstate and the downstate of the second

random shock as

Vi(t, s) Va(t, s)
Yi(t,s) = s | Ya(t, s) = Uats) ) (3.55)

respectively. The probability distribution of (Y;(t, s), Ya(t, s)) is denoted as

Pr(Yi=W.,Ys=Va) = qoo(t), Pr(Y1 =V1,Ys =Us) = qoi (1),
Pr(Yi=U1,Yo=V2) = quo(t), Pr(Y1 =U1,Ys = Us) = qoo(?).

We obtain the well known discrete version of the Heath-Jarrow-Morton model[15]. It is

easy to see that this is a fourth-nomial model with
ug =Vi+ Vo, uy =Vi+ Uz, ug =Uy + Vo, ug =U; + Us.

Finally, we gives an artificial example to show how to compute a risk-neutral probability

measure for a given trinomial model.

Example 3.3 A Trinomial Model
Let J = 2. Assume that

Pr(ag(t) =1) = qiqs,
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Pr(ai(t) =1) = (1—q1)go,
Pr(as(t) =1) = 1— ¢,

0<qpr <1, 0<qg <.

2. The average variance of the forward rate process is constant:

Var[f(t,s) = f(t—7,5) |B; -] = o™r.

Uy (ta 8) - Ug(t, 8) = u?(ta 8) —u (ta 8)‘
We are looking for a risk-neutral probabililty measure in the following form:
Qo(t) = Q1Qq,
Qi(t) = (1-Q1)Qq,

Q:(t) = (1—-Q2),
O<i <1, 0<@y<1.

From Condition 2,
o — Var[z%aj(t)uj (t, s)]
= [ui(t,s) —ug(t, 8)]*Var(az(t) — ap(t))
= [ui(t,s) —ug(t, 8)]’q[1 + 3q1 — ¢2(1 4+ q1)?].

Define 1 to be

Y=o - .
@1 +3¢ — (1 +¢)?
Then,

Ug(t,S) = Ul(t,S)—T/%

us(t,s) = wui(t,s)+ .
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(3.53) implies that

for s > t.
Thus,

up(t, s)

u (t, s)

us(t,s) =

Q1Qe™ Tzk 7 ut(tkT)+(s—t)p

+ (1—Q1)Q26 Tzk U 1(t,kT)
+ (1 —@Qq)e T k) (s =1,

Lo QiQuel " + (1 - Q1)Qse ™ + (1 — Qz) Gy

;o8 Q1Q2e7 + (1 — Q1)Q2 + (1 — Q2)e™ » (8.56)
L QiQue Y 4 (1- Q1) Qs+ (1 - Q»e*“”)‘” (3.57)
Q1Q2el=0% 4 (1 — Q1)Q2 + (1 — Q2)e 7 .

1 Q1Q26(57t+27)1/1 +(1— Q1)Q2€T¢ + (1 - QQ)ef(sft)@/f' (3.58)
Q1Q2el™ + (1 — Q1)Q2 + (1 — Q2)e~(~ . .

]
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Chapter 4

Stochastic Calculus

4.1 Characteristic Functions

In this section, we briefly recall the characteristic function of a random variable which will
be used to identify the distribution of random variables we consider.
Let X be a random variable on (2, F, P). The characteristic function of X is defined

as follows: for any real z,

fr(2) = B(é*X) = / X dp, (4.1)
0

where i = y/—1. Let F(z) = Pr(X < z) be the distribution function of X and f(x) =

F'(x), if it exists. Then

fx(2) = /_o:o e dF (z) = /O:O e f(z)dx. (4.2)

Remarks. (a) The domain of a characteristic function does not have to be real numbers.
It can be complex numbers as long as the corresponding expectations exist as shown in
the examples below. (b) If iz is replaced by —z or z, we obtain the Laplace transform or
the moment generating function respectively.

When Xy, Xs,---, X are independent, then the characteristic function of the sum
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X:X1+X2+"'—|—XTiS

Fx(2) = () fx(2) - e (2).

(4.3)

It can also be shown that the distribution of a random variable is uniquely determined by

its characteristic function.

Example 4.1 Binomial Distribution

Let X = Xi+Xo+-- -+ Xp, where Xy, t =1,---, T, be iid Bernoulli random variables:

Pr{X,=h}=¢q, Pr{X;=-h}=1-¢

Then

Example 4.2 Normal Distribution

Let X be a normal random variable with mean p and variance o2, i.e.

f(z) = 5 e 2T — o< < 0.
o

Then,

Fule) = et

4.2 Wiener Processes

(4.4)

Recall from Section 2.2 that the price of a risky security can be expressed in terms of a

random walk. In that case, the price S(¢) at time ¢ is
S(t)=S(0)eXM, 0<t<T,
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where X (¢) is a random walk with length of step 7, average mean p, and average variance
o2,

Imagine that trading becomes more and more frequent and eventually continuous trad-
ing is achieved. This is the case when 7 — 0. Thus, if X, (¢) approaches a continuous-time
stochastic process, say W (t), the price of the security will be expressed as S(t) = S(0)e""®,
Obviously, the limiting stochastic process W (t) will inherit the properties that the random
walk X, (t) possesses. Hence, W(0) = 0, E(W (t)) = ut, and Var(W(t)) = o*t. Since X, (1)

is of independent increment, so is W (¢). Thus, for any partition 0 < ¢} <ty < -+ <t; <1,
W (t), W(tz) = W(tr), -, W(t) — W(t))

are independent.
We now show that such a limiting stochastic process does exist. we will find its distri-
bution by identifying its characteristic function.

Let f,(z,t) be the characteristic function of X, (¢). From Example 4.1,

fT(Z,t) _ [qeihlz + (1 B q)e_ih”]t,

where t = t/T.

Recalling that we may choose

1
hIZ,U/T_FO—\/Fa h2:_u7_+0—\/;7 q:§7

we have
eirf\/?z + efi(r\/Fz

2

fT(Z,t) :eiutz[ ]t/T.

Using the Taylor expansion, it is easy to see
. s it _1 2t 2
71_1_I)I(l)f7—(2,t) — piutz—507 12"
Since the limit is a continuous function, X (¢) converges weakly to a random variable W ().
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Comparing it with the characteristic function of a normal random variable in Example

4.2, we see that W (¢) is a normal random variable with mean pt and variance ot.

Remark: Weak convergence is defined as follows: a sequence of random variable X,
converges weakly to a random variable X if for any bounded continuous function h(zx),
lim,, o E(h(X,)) = E(h(X)). It can be shown (see Appendix A) that weak convergence

is equivalent to one of the following:

(i) The distribution function of X, converges to the distribution function of X at any

continuous point;

(ii) The characteristic function of X, converges to the characteristic function of X as

long as the characteristic function of X is continuous at z = 0.

Summarizing what we have derived above plus the fact that any linear combination
of normal random variables is still a normal random variable, we can make the following

conclusions.
1. The stochastic process W (t) is of independent increment. Moreover, for any partition
0<t; <ty<---<t;<t,
W (t1), W(te) = W(t),-- -, W(t) = W(t;)
are independent normal random variables. An implication of this property is that
W (t) is a Markovian process whose future position depends only on the current

position but not on the positions in the past. A very useful corollary is that for any

function h(w),
E(h(W(s)) [W(u), 0 <u<t)=EhW(s)) |W().
2. For any s > ¢,
EW(s) =W() = pls—1), (4.6)
Var(W(s) — W () = o*(s—1). (4.7)



The stochastic process W(t) is called a Wiener process( or Brownian motion) with

2

drift ;2 and infinitesimal variance o°. Especially, a Wiener process with drift 4 = 0 and

infinitesimal variance 02 = 1 is called a standard Wiener process.

The next property characterises Wiener processes.

3. A stochastic process W (t) is a Wiener process if and only if for any real A, the
stochastic process

Z,\(t) _ e/\W(t)—/\ut—%)\za% (4.8)
is a martingale( with respect to the Borel filtration generated by W (t)).

The necessary part follows from

E(e/\[W(s)fw(t)} IB,) = eAu(sft)Jr%,\?ﬁ(s—t),

which can be obtained by letting 2 = —i\ in Example 4.2.

For the sufficient part, we proceed as follows.

E(Z\(t)) = E(Z)(0)) = 1.
Thus, E(eM®) = Mt3Xo® /(1) is normal with mean pt and variance ot. For
any s >t and real numbers A\, Ag,

E(e)‘l [W(S)—W(t)]+>\2W(t))

= E{E(e/\l[W(S)—W(t)}+/\2W(t)) |Bt}
_ ez\l,u(sft)+%)\f02(sft)E(GAQW(t))

142, 2 1y2 2
—  MHs) Ao (s ) FA2ptt 3 A507 (4.9)

Differentiating (4.9) with respect to A, Ay at \; =0, Ay = 0 yields



Hence W (s) —W (t) and W (¢) are independent since two normal random variables are

independent if and only if their covariance is zero. Thus, W (¢) is a Wiener process.

Many useful martingales related to W (¢) can then be derived from Z,(t). Noting the

fact that the derivative of a martingale is still a martingale, if it exists,

07 (t
wie) - =220,

is a martingale.
2 9 62Z)\(t)
(” (t) — Mt) —Ol= 5 A=0

is also a martingale.
Finally, we state without a proof that
4. All the paths (with probability one) of W () are continuous.

It is easy to see that for any Wiener process W (t), (W (t) — put) is a standard Wiener
process. Thus, from now on we always denote a standard Wiener process as W (t) and
alternative Wiener processes are written in the form ut + oW (t).

Sometime we need to deal with a Wiener process starting at a point, say x, away from
zero. A standard Wiener process in this case is x + W (t). We call it the standard Wiener
process starting at = and denote it as W (t), W(0) = x.

As an application of Wiener processes, we consider a market with a riskfree bond and a
risky security over the period [0, T]. Denote ¢ as the force of interest or the continuously
compounded interest rate for the riskfree bond. We assume that the price of the risky

security at time ¢ is

S(t) = S(0)etWh o<t <T. (4.10)

We call the exponential of a Wiener process a geometric Wiener process, Geometric Brow-

nian motion or Lognormal process.
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We now wish to price a European call option maturing at time 7" on the risky security
with strike price K. As we mentioned earlier, S(t) is actually the limit of the price process
of the binomial model we considered in Section 3.2. Let ¢, be the price under the above
continuous-time model and ¢, be the price the call under the binomial model, respectively.
Then ¢, = lim,_,o ¢,.

Recall from Section 3.4 that

6 = S0 % a0 - )"
S<Tlog u+log(S(0)/K) S
ST Tg(u/d
SRR D> G0 - )™,
s< T log u+log(S(0)/K) S
ST Tog(u/d)

with u = e#™toVT  d = etV Let

4y, n(r) = ——eH"

V21

be the distribution function and the densilty function of the standard normal random

2

N(z

1 T
):E/we (4.11)

variable. By the Central Limit Theorem(Appendix A),

T _
lim > 03(1 = qa)" ™ = N(dy)
5< T log u+log(S(0)/K) S
= log(u/d)
where T1 log(S(0)/K)
og u+log s
dy = limy — 0/ ol
T Tqa(1 - qa)
and
lim > 0a(1 = q2)" ~* = N(do),
5< T log u+log(S(0)/ K) S
= log(u/d)
where T1 log(S(0)/K)
og u+log o
dy = lim — /D ol
e Tqa(1 — qa)
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Since 147 = €7, (3.22 ), (3.24) and (3.25) yield

1—gqq

1 —qu
Thus,

d

Similarly,

eV — 0T o T+ (p— 0+ 0%/2)T + O(r?)

eoVT — emoVT 20\/T + O(73/2) ’

oT+ (n— 6+ 0%/2)7 + O(r3/?)
20T ’

el0=m7 _ o=ovT _oJT—(p—0+0%/2)T + O(73/?)
eoVT — e—oVT 20T ’

e(B=0)7T _ g=ovT o JTH (=0~ o2 /2)T + O(13/?)
eoVT — e VT 20\/T ’

eVT — eh=IT o /T — (u— 6 — 0%/2)T + O(73/?)
eoVT — e=oVT 20T '

(T +log(S(0)/K)T+oT _ oT+(u—0—02/2)T/T+O(r2)
lim 20T 20T
T—0 (a27+0(T2))T
20T

log(S(0)/K) + (5+02/2)T‘

Therefore, the price of the European call option

4.12
oVT (4.12)
(uT+1og(S(0)/K)VT+oT _ oT+(u—b0+0?/2)TV/T+O0(7?)
lim 20T 20T
T—0 (a27+0(T2))T
20T
log(S(0)/K §—o?/2)T
0g(S(0)/K) + (6 = 0*/2) (413)
ovVT
¢ = S(0)N(dy) — e "TKN(dy), (4.14)

where d; and dy are given in (4.12) and (4.13). This formula is the well known Black-Scholes

option pricing formula.
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4.3 Reflection Principle

Theorem 4.1(Reflection Principle)  Let W(¢) be a standard Wiener process and a, h
be two nonnegative real numbers. Then,

Pr { max W(s)>a,W(t) > a+ h} =Pr { max Wi(s)>a,W(t) <a-— h}. (4.15)
Corollary 4.2 Let [a+ hy, a+ hs], ha > hy > 0, be any interval above the horizontal line
x = a. Its symmetric interval about x = a is [a@ — he, a — hy]. Then we have

Pr{ max W(s) > a, W(t) € [a+h, a—i—hz]} = Pr{ max W(s) > a,W(t) € [a—ha, a—hl]}.

0<s<t 0<s<t
(4.16)

Proof:  Obviously,

Pr{ max W(s) > a, W(t) € [a + h, a+h2]}

0<s<t

= Pr{ max W(s) > a,W(t) > a+ hl} — Pr{ max W(s) >a,W(t) >a+ hg}.

0<s<t 0<s<t

The right hand side can be written similarly. Applying Theorem 4.1 immediately obtains
the identity. -

Interpretation: {max0<s§tW(s) > a,W(t) € [a+ hy, a+ h,Q]} is the set of all paths
which hit the horizontal line(barrier) 2 = a before reaching the interval [a + hy, a + ho].
Similarly, {max0<s§t W(s) > a,W(t) € [a— hg, a— hl]} is the set of all paths which hit
the barrier z = a before reaching the interval [a — hy, a — hy]. Since hy, hs are arbitrary,
the reflection principle roughly says that if a path hits the barrier x = a at some time s < ¢,
there is another path which is identical to the first path before and at time s and is the
mirror image of the first path about the barrier x = a after time s. With the symmetric

property of the standard Wiener process, the reflection principle also implies that we may
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replace the path hitting the barrier x = a at some time s < ¢ by a path which is the the
mirror image of the first path about the barrier x = a before time s and identical to the
first path after time s.

A very important application of the reflection principle is to compute various barrier
hitting probabilities of the standard Wiener process. We will see in a later chapter these
hitting probabilities are very useful in valuation of barrier options.

In this section, we consider three cases.

First Passage Time

Define the following random variable
7, = inf{t > 0; W (t) = a}. (4.17)

Then 7, is the time W (¢) first hits the barrier z = a. We call it the first passage time of
W (t).
To find the distribution of 7,, consider the event {7, < t} for any ¢. Since

{1a <t} = {max W(s) > a},

0<s<t

we have

Pr{r, <t} = Pr{max W(s) > a}

0<s<t

= Pr{&lsaé W(s) >a,W(t) >a} + Pr{&lsaéW(s) >a,W(t) <a}

(Since Pr{W(t) =a} =0)
= 2Pr{max W(s) > a,W(t) > a} (Reflection Principle)

0<s<t

= 2Pr{W(t) > a} (Since {W(t) > a} C {max W(s) > a})

0<s<t

= \/3/00 e~ dy = \/E/OO e % dg.
7t Ja T Ja/Vt
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If a < 0, we have

2 [ 1,2
Pr{r, <t} = —/ i e 2% dux.
™ J—a/Vt

This can be obtained by considering —W () instead of W (t).

It is easy to see from the above that 7, is finite since

2 00
Pr{r, < oo} = lim Pr{r, <t} = \/;/0 e 2 dy = 1.

Thus, for any horizontal line, every path of a standard Wiener process will hit the line
sooner or later.

Now, let f,(t) be the density function of 7,. We have

fa(t) = i Pr{r, <t} =

7 e~ %, t>0. (4.18)

This distribution is called the one-sided stable distribution of index %, which can be ob-
tained as a limit of Inverse Guassian distributions[9]. As we will see later on, this result

can be used to find the first passage time of a goemetric Wiener process.

Single Barrier

Let g.(z), a > 0 be the density function of W(T'), W(t) = a, for some 0 < t < T.
Thus g, (z)dz is the probability that a path hits the barrier x = a and then reaches point
x at time T'. Tt is easy to see that g,(x) is a defective density function( a density function

is called defective if its integral is less than one). We will show below

1 _(z—2a)2
e~ 2T r<a
galx) =S Vi (4.19)
\/;TTeiﬁ’ T >a

Obviously, for z > a, any path to reach x at T" will hit the barrier x = a before or at

T. Hence,




To see the rest, we use the reflection principle. The probability of a path that hits the
barrier ¢ and then reaches x at T is equal to the probability of a path that starts at 2a,
hits the barrier a, and then reaches x at T'. Since the latter is just the probability that a

path starts at 2a and then reaches = at T'. Hence it is equal to

1 _ (z=2a)?

e 2T
2T

We derived the density.

Double Barriers

We now consider the case there are two barriers: one upper barrier and one lower
barrier. We will derive the distribution of paths which never hit these barriers before time
T.

Let f(z; a;,ay), a; <0 < a, be the density function of W(T'), a; < W(t) < a,, for all
0<t<T. Then

_ [z+2n(ay—ap)]? [2—2ay+2n(ay—ap]?
1 n=00 { — _
—> e oT —e °T boa<z<a
. — V2rT —M=—00 ’ u
f(xa a, au) — i
0, r<a 0orxT> a,.

(4.20)
The reflection principle will repeatly be used in the derivation.
Let g(z; a;, a,) be the density function of W(T"), W (t) = a, or a; for some 0 < ¢t < T.
Thus

1 22
f(xa ahau) = \/%—Teiﬁ - g(xa alaau)a ap < T < Ay

Let
A, = {there exist 0 < t; <ty < --- < t, < T such that W(togs1) = ay, W(ta) = ayand W(T') € dzx},
B, = {there exist 0 < t; < ty < --- < t,, < T such that W(tay) = ay, W(tek+1) = ayand W(T') € dzx},
Then, A,_1 N B,_; = A, U B,. Recalling that

Pr(A,—1 UB,_1) = Pr(A,_1) + Pr(B,_1) — Pr(An—1 N B,_1),

63



we have

g(z; aj,a,) = Pr(A;UBy) =Pr(A;) +Pr(B;) — Pr(4; N By)
= Pr(A,) + Pr(B;) — Pr(A, U By)

o0

= > (=1)""'[Pr(A) + Pr(B,)].

n=1
The problem then becomes how to compute Pr(A,,) and Pr(B,,). It is easy to see

_ (z—2au)2
e 3T dx.

PI'(Al) =

EH

2T

By applying the reflection principle twice, we have

1 [z+2(ay—ap)]?
PI'(AQ) = \/ﬁe_ +2 2T L "
In general, we have
1 _[e—2ay—2n(au—qp))?
Pr(Ag, 1) = \/277—T€ 2T dx,
and
1 [z+2n(ay—ap)]?
Pr(Ay,) = et dx.

3

2T
Exchanging a, and a; in the above, we have

1 [e—2au —2(n+1)(ay —a))]?
Pr(Bopi1) = e” 2T dx
\V2rT ’
and
1 [—2n(ay—ay)]?
Pr(By,) = e” 2T dx.

3

2m
With some tedious algebra, we obtain the density function (4.20).

4.4 Stochastic(Ito) Integral

In this section, we will deal with the integration of a stochastic process with respect to
a standard Wiener process. For simplicity, we always assume that stochastic processes

considered are continuous, namely, all of their paths are continuous.
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Let X (t) be a continuous stochastic process on (2, F,B;, P), 0 < t < T, where B; is
the Borel filtration generated by the standard Wiener process.
Define the integral of X (¢) on [a, 8], 0<a<b<T, as
7

[ Xtawy = dim S X)) - W) (421)

max [tj—t;_1 \—)0].:1

where a =tg,t; < --- <ty 1 <t;=>b isa partition on [a, b] and the limit is taken in the
sense of uniform convergence in probability. It can be shown that the above limit always
exists and is independent of the choice of partitions. We call this limit the Ito integral of

X(t) on [a, b].
Remark: The definition of an Ito integral only requires that the process X (t) satisfy
T
/ X2(t)dt < oo,
0

which is automatically satisfied by continuous stochastic processes.
Many properties of the usual Riemannian integration are carried over to Ito integration.

For instance,

1.
/ (X0 (8) + X (0] () = / XL (AW (1) + / "X (AW (1)

b

/:X(t)dW(t) :/

a

X(1)dW (£) + /b "X (8)dW (1);

However, there are fundamental differences between these integrations. Firstly, [° X (t)dW (t)

is a random variable on (€, B, P) and if
b
E(/ X2(t)dt) < oo, (4.22)

then

E(/bX(t)dW(t)) — 0, (4.23)
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and

Var( /"X(t>dW(t>)2} = 5{(/

a a

bX(t)dW(t))Q} — E(/bx2(t)dt). (4.24)

The first implication is obvious from the definition. The second implication follows

from

E(X(t;0)[W(ty) = W(t;1)]) = B(BE(X (t0)[W () = W(t;-)])| W(tj-1)) =0,

and

E(X(tj—l)X(ti—l)[W(tj) — W(t;-)][W(t;) — W(ti—l)])
_ E(X2(t;-)[W(t) = W), i=3

0, 1< ]
| B(X20) 0 — 1), =1

0, 1< 7.

Second and more importantly, the point at which the value of X (¢) is taken in each
subinterval [t;_y, t;] is critical. Under Ito integration, it is always the value at the left
endpoint. Unlike the usual Riemannian integration, different choice of points will lead to
different stochastic integration. For example, if we choose the midpoint of each subinterval,

the limit obtained will be a Stratonovich integral. It can also be seen from the following

example.

Example 4.3 Consider

[Wodave =t ST (G) - W)

max ‘t]‘ 7tj,1|~>0 j—

W) — W@ — = tim o SIW(H) = Wt )P

2 max |tj—tj_1|—0 =
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The summation in the second term is the sum of squares of independent normal random

variables. Moreover,

J J
E(SW (L) = Wt )P) =St —t1) =b—a,
j=1 j=1
and
J J
Var( YW (t;) = W(t-)]?) =230t — tj1)* > 0, as max[t; — ;4] — 0.
j=1 7j=1
Thus,
J

(W(t;) = W(t;-))* =b—a.
maX‘tjft]‘,ﬂ*)O i=1

We then have
W?2(b) — W?(a) — (b—a)

/abW(t)dW(t) — . .

Now if we use the right endpoint of each subinterval instead of the left endpoint, the similar

argument will give

®) [ WA =m0 - W)

max |tj —tj—1 |—0 j=

1 J

2 max |tj 7tj,1|~>0 —

j=1
_ W2(b) —W?*(a) + (b—a)
= 5 :
which is different from what we have from Ito integration. -

4.5 Stochastic Differential Equations and Ito’s Lemma

Let «a(t,z) and o(t,z) be two continuous functions in their domain. If there exists a

continuous stochastic process X (t), 0 <t < T on (2, F, By, P) such that
t t
X(0) = X(0)+ [ a(s, X(s)ds + [ o5, X(s)dW(s), 0t < T, (425)
0 0
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we say that X (¢) is a solution of the stochastic differential equation(SDE)
dX(t) = a(t, X (t))dt + o(t, X (t))dW (1), (4.26)
with initial condition X (0), or simply
dX = a(t, X)dt + o(t, X)dW. (4.27)

The function «(t, X) and o(¢, X) are often referred to as the drift and the infinitesimal
deviation of the SDE. In finance, (¢, X(¢)) is also called the volatility of the stochastic
process X (t). The solution X () is also called an Ito process.

It can be proved that if there is L > 0, independent of ¢t and z, such that

1. (Lipschitz condition) for any z; and x5,
la(t, x1) — a(t,xe)| + |o(t, x1) — o(t, x2)| < Ll|z1 — 23; (4.28)

2. (Linear Growth condition) for any z,

la(t, z)| + |o(t,z)] < L(1 + |=]), (4.29)
there exists an unique solution on [0, T'] for the SDE (4.24) with initial condition X (0).

Example 4.4 Consider
dX = adt 4+ odW, (4.30)

where o and o are constants. Then its solution is
X(t) =X(0)+at+ oW (t). (4.31)

1

We now state without a proof two of the most important results in stochastic calculus.
Not only are they the building blocks for many other important results in stochastic calculus

but also they provide a methodology in solving stochastic differential equations.
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The first result is called Ito’s Lemma. It is the stochastic version of the chain rule.

Theorem 4.3(Ito’s Lemma)

Let X(t) be a solution of the stochastic differential equation (4.25) and g¢(t,z) be a
function which is continuously differentiable in ¢ and continuously twice differentiable in
x. Then g(t, X (¢)) is a solution of the following SDE

2

0 9 1, 0

ag(
0
+ U(t,X)%g(t, X)dw. (4.32)
Example 4.5 Consider the following SDE

dX = aXdt+ o XdW, (4.33)

where o and o are constants.

Let g(t,x) = logx. Ito’s Lemma yields
L,
dlog X = (o — 30 )dt + odW.

Thus,
1
log X (t) = log X (0) + (o — 5(;2)t + oW (t).

Therefore, the solution of the equation is

X (1) = X(0)el> 27 )FoW (), (4.34)
a geometric Wiener process. ]
Example 4.6 Consider the following SDE

dX = (aX + f)dt + ydW, (4.35)
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where «, 3 and 7y are constants.
For the special case = v = 0, it becomes an ordinary differential equation(ODE) and

one of its solutions is e*. Thus we are seeking a solution of (4.35) in the form of
X(t) = ™Y (1),
for some stochastic process Y ().
Since Y (t) = e X (t), we let g(t,z) = e~*z. Applying Ito’s Lemma, we obtain
dY = Be~dt + ye ' dW.
Thus,
t t
Y (t) =Y(0) + ﬁ/ e “ds + fy/ e~ dW (s).
0 0
Therefore,
t t
X(t) = X(0)e* + 3 / (=5 s 1 / =5 g (). (4.36)
0 0
It is easy to see that for each ¢, X (¢) is a normal random variable with mean X (0)e® +

B [ e®=*)ds and variance 7?2 [} e2*(=%)ds. —

Next result is the stochastic version of integration by parts.

Theorem 4.4 Let X;(¢) and X,(t) be solutions of the following SDEs:

Xm = al(t,Xl)dt—l-O'l(t,Xl)dVV, (437)
and
dX2 = O[Q(t, Xz)dt+02(t, XQ)dVV, (438)
respectively.
Then,
dX1X2 = X2dX1 —|—X1dX2+O’1(t,X1)O’2(t,X2)dt (439)

= [Ozl (t, XI)XQ + C¥2(t, X2)X1 + 01 (t, Xl)O'Q(t, Xg)]dt

+ [0'1 (t, XI)XQ + O'Q(t, XQ)Xl]dW (440)
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[to’s Lemma and integration by parts are very powerful tools, especially when they are

used together as we show in the next example and in the next section.

Example 4.7 Consider the following SDE
dX = (aX + p)dt + (v + o X)dW, o #0. (4.41)

where a, 3, v and o are constants. We will show how to apply the integration by parts
to solve this equation.

First we assume v = 0.

When 3 = 0, we obtain the SDE in Example 4.5, whose solution, denoted by ®(¢), is a
geometric Wiener process

<I>(t) _ e(af%UQ)tJrUW(t).

Similar to Example 4.6, we are seeking a solution in the form of X (¢) = ®(¢)Y (¢), for some
process Y ().

Since Y (t) = ®~'(¢) X (), we may apply integration by parts as long as we can express
®~!(t) as a solution of a SDE. From

q)fl (t) — ef(a7%02)t7(fW(t)

Y

It satisfies
dd ™ = (—a+0%)® ldt — o® tdW,
(simply compare it with the SDE in Example 4.5).

Hence Theorem 4.4 yields
dY = pdtdt.

t t Ly
V() =Y(O)+5 [ B (s)ds =V (0) + 5 [ e e bWl
0 0
Therefore,
t 1 9
X(t) = @O (0)+8 [ e lerir gy
0

—  X(0)ele 5w 4 g / " amSo?)(t-s)+olW () -W(s)] g (4.42)
0
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When v # 0, we let X (t) = X () + 2. Then

dX = (X + 8 — Dydt + o XdW.
g

We have
X(t) = X@t)-2
g
= —L 4 (X(0) + L)l te W)
o ag
+ —?)/Otewéa?)(tsMW(t)W(sﬂds. (4.43)

4.6 Feynman-Kac Formula and Other Applications

The Feynman-Kac formula provides solutions for a particular class of partial differential
equations(PDEs). Since the prices of many European-type derivatives are often a solu-
tion of some PDE as we will see in the next section, the Feynman-Kac formula plays an

important role in option pricing.

Theorem 4.5(Feynman-Kac formula)

Let u(t,z) be the solution of the following PDE

%) 1 9?
- A = <t< .
6tu(t’ r) + 5 8x2u(t’ z)+y(@)u(t,z) =0, 0<t<T, (4.44)

with terminal condition w(7T,z) = (), where v(x) is a continuous function bounded
from above and () is a continuous function satisfying the linear growth condition (4.29).
Further assume that |u(t,z)| < Le*", for some L > 0 and k < 2.

Then

T

ult,x) = Efel O (1)) W (1) = 2}, (4.45)
where W (t) is a standard Wiener process.
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Proof: Define
Xo(t) = o VNI and X () = u(t, W (1))

Then

and

0 1 6° 0

The first equation is obtained by ordinary differentiation and the second equation is ob-

tained by Ito’s Lemma.

Theorem 4.4 then yields

dX1X2 = X2dX1—|—X1dX2

— b 7(W(s))d5%u(t, W)dW.

Thus
X1 (£) X (t) = X1(0)X,(0) + /0 t eva(W(s))dS%u(r, W (r))dW (r).

Using the property that an Ito integral is a local martingale(this is beyond the scope of

these notes) and that the tail distribution of the hitting time of a standard Wiener process

ca

to the boundary of the interval [—a, a] is of order e “**, we can show that indeed

t e B
B{ | eo 7(W(s))d5%u(r, W (r))dW (r)} = 0.
Hence, X (t)X5(t) is a martingale. Thus,

Blely "V (T W (T)) (W (1) = 2} = eJo VO 1 ),

Dividing both sides by eJo YOV (2)ds yields the result, since u(T, W (T)) = (W (T)).

As we have seen in Section 4.2, the stochastic process
Z,\(t) _ 6/\W(t)—/\ut—%/\202t

73

1



is a martingale. Using this martingale, we have derived other martingales in terms of the
Wiener process. Applying Ito’s Lemma and integration by parts, we are able to extend

this result to a solution of a SDE.

Theorem 4.6 Let X (¢) be a solution of the following SDE
dX = o(t, X)dt + o(t, X)dW, (4.46)

where o(t,x) is bounded.

For any bounded stochastic process b(t), define a stochastic process

Zo(t) = efot b(s)dX (s)~ [ b(s)a(s,X(s))ds 5 [ b2(5)%(s,X (s))ds (4.47)
Then Z,(t) is a martingale.

Proof: Define
X, () = e Jo WoalsX(sDds—4 [[¥(5)0% (5. X (5))ds

and

X, (t) — efot b(s)dX(s).

Then Z,(t) = X:(£)X(t). Since
40X, = —[b(H)alt, X) + %bQ(t)JQ(t,X)]Xth
and by Ito’s Lemma
dXy = [b(t)a(t, X) + %52(t)02(t,X)]X1dt + b(t)o(t, X)] X dW,

A7, = XodX; + X1dXy = b(t)o(t, X) Z,dW.

Since b and ¢ are bounded, if F(ZZ(t)) is bounded, then Z,(t) is a martingale. The

boundedness of E(Z2(t)) can be proved in two steps: first, assume b(t) is a step function;
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then assume b(t) is the limit of a sequence of step functions. The boundedness of the

expectation in the second step is ensured by the Fatou’s lemma[25]. ]

Corollary 4.7 For any real A,

Z/\(t) — eAX(t)—)\ fot oz(s,X(s))ds—%/\2 fot o2(s,X(s))ds (448)

is a martingale.
Proof:  Simply let b(t) = . —

Corollary 4.8 the stochastic processes
x(0) - | "als, X (s))ds (4.49)
and
X (1) —/Ota(s,X(s))ds]Q—/OtJQ(s,X(s))ds (4.50)

are martingales.

Proof: ~ Notice that (4.49) and (4.50) are the first and second derivative of Z,(t) with
respect to A at A = 0. The corollary follows from the fact that the derivative of a martingale

is a martingale. -

4.7 Option Pricing: Dynamic Hedging Approach

In this section, we apply the Feynman-Kac formula to option pricing.
Suppose that there is a market with a riskfree bond and a risky security. The prices of
the bond and the security at time ¢ are denoted as B(t) and S(t), 0 <t < T, respectively.
Assume that

dB = 6Bdt, (4.51)
dS = aSdt+ oSdW. (4.52)
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This is the case we discussed in the end of Section 4.2 with u = a — %02.

Consider now a European-type derivative which pays ®(S(7')) at time 7', where ®(z) is
a continuous function with linear growth. Let ¢(¢, S) be the price of the derivative at time
t when the price of the underlying security at ¢ is S. Suppose that there is a self-financing
strategy under which we are able to construct a portfolio from the bond and the risky
security such that the value of this portfolio at time 7" will be exactly equal to the payoff
of the derivative ®(S(T')). Thus, if the market does not admit arbitrage, the value of the
portfolio at time ¢ must be equal to the price of the derivative at time ¢. Let ©(t,S) be
the value of the risky security in the portfolio at time ¢. The value of the bond at time ¢
then is ¢(t,S) — ©(t,S). The self-financing strategy implies that

dB ds

d¢(t7 S) = [¢(t7 S) - @(t7 S)]f + @(ta S)?a

because that the right-hand side is the capital gain during the period [t, t + dt], which is

fully reinvested under this equation. Thus,
do(t,S) = [0¢(t,S) + (o — 0)O(t, S)]|dt + oO(t, S)dW. (4.53)

On the other hand, if we assume that ¢(¢,.S) satisfies the conditions of Ito’s Lemma, we

have

0 0 1 0? 0
do(t,S) = [Eqﬁ(t, S) + asﬁqﬁ(t, S) + 50252@ (t, S)]dt + USﬁqﬁ(t, SYdW.  (4.54)

Equating the respective coefficients in these two equations, we have
O(t,S) = Siqﬁ(t S) (4.55)
? - aS ? ? .

2

56(t,S) + (o — 6)O(t, S) = %qﬁ(t, S) + aS%qﬁ(t, S) + 30—252% (t,). (4.56)

Eliminating ©(t, S) from (4.56) yields

) 1, 0 ) -
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forany 0 <t < T and S > 0. Thus, ¢(t,S) is the solution of the PDE (4.57) with terminal
condition ¢(T,S) = ®(95).

Now our problem becomes how to solve the above PDE. It is obvious we can not apply
the Feynman-Kac formula directly. However, we are able to convert it into a PDE to which

the Feynman-Kac formula can apply. We will do it in two steps.

1. Eliminating S and S? in the coefficients.
Noting that the PDE is similar to an Euler-type ODE, we let S = €% and v(t,x) =
o(t, e”). Hence,

3U(t,uz:) = ae”%d)(t,e’"):asid)(t,S),

oz
0’ 22 0% 2
Thus, v(t, z) is the solution of the PDE
0 1 9 1, 0
prid v(t, ) + 5@0@ x) + (5 — 50 )%v(t x) —dv(t,x) =0, (4.58)

with v(T, z) = ®(e7").

2. Eliminating the first-order term Zv(t, z).
Since (4.58) is similar to a second-order linear ODE, the technique used there can apply.

Let v(t,x) = " u(t, z), where k£ will be determined later.

3v(t x) = e 2u(t x) + ke™u(t, x),

ox ox
D) = Dt ) + 2wl a) 4 Rl ),
ax2?) X = € ax2u T me axu X K€ U T
Thus
%) 1 0° 1 1 ,,0 1, & 1,
Eu(t, r) + §wu(t z)+ [k + — (6 — 50 )]%u(t, r) + [§/-i + ;(6 — 50 ) — 0Ju(t,x) = 0.

(4.59)
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Let k= —2(6 — 5

20?). Then, u(t, ) is the solution of

2u(t T) + la—Qu(t T)—[=—

1 1
2 0z (0 = 50%)* + du(t,z) =0, (4.60)

202 2
with u(T, z) = e= (0377 (7).
We now can apply the Faynman-Kac formula to (4.60). Hence,

U(t,x) — 67[20%(57%0—2)2+5](T7t)E{ei((sf%g?)W(T)(p(eUW(T)) |W(t) — ZL'} (461)

Noting that W (T'), condition on W (t) = z, where x = Zlog S, is a normal random

variable with mean x and variance 1" — t.

d)(ta S) — 6_[20-%(5—%0—2)2+6}(T—t)_é((s_%az)x
< B{edo- k(e 0) ) = o)
— ;6_[#(6_— ) +5](T t) (5_10_2):”
27(T — t)

X /OO e%(f?*%UZ)yq)(eay)e—ﬁ(y—wVdy

Jﬁ/

S’ef’y 6 2(T 7= Y %(67%02)(T7t)]2dy

B(Se=3)T=0+oy) 5TV gy

The above formula can be interpreted as follows: We imagine that there is a phantom
risky security in the same period. Its price S (t) also follows a geometric Wiener process

but its expected return is exactly the same as the return of the riskfree bond, that is,

S(t) — S’(O) 7—0 )t+0’W()
Then the derivative price we obtained can be written as

o(t, ) = eI E{Q(S(T) 1S(t) = S}. (4.62)
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It says that the price of the derivative at time ¢ is the discounted value, at the riskfree rate

0, at time t of the expected payoff, when the underlying security is the phantom security

we define above.

We now use this formula to reproduce the Black-Scholes formula for a European call

option we have derived in Section 4.2. Let ¢.(t,S) be the price. Then,

—6(T—t)

€ 1

0u1,8) = s [ ma(SOTENN G

2n(T — ¢

o—0(T—1)
\/ﬁfy<log<5/m+wg%o%<Tﬂ
—
\/m yglogw/mﬂi—%o%@—t)

6—(5(T—t)K _ﬁyz
> _ 1.2
- \/—2_77/34<10g(5/m:\(j;—_%:2)q” e 2Y dy
- t)K 1,2
B W /<1°g(S/K)+(5—%cr?)(T_t) e 2¥ dy.
= ovVT—t
Thus,
be(t, S) = SN(dy) — Ke " TIN(dy),
where
4, 108(S/K) + (6 + 50")(T — 1)
1 AT
and
dy = log(S/K) + (6 — %02)(T )

oI —t '

We obtain the Black-Scholes formula.
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(86(5—%02)(T—t)—0y . K)G_ﬁyzdy

(4.63)

(4.64)

(4.65)



4.8 Girsanov Theorem

Theorem 4.9(Girsanov) Let W(t), 0 < t < T, be a standard Wiener process on a
probability space (2, F, P) and b(t) a bounded stochastic process. Define a function on
all the events in F in the following way: for any F' € F,

Q(F) = [ el romvo-s fywougp (4.66)
F
Then,
1. @ is a probability measure on (2, F) and it is equivalent to P;

2. the stochastic process

W(t) = — /0 “b(s)ds + W (1) (4.67)

is a standard Wiener process under the probability measure Q).

Proof:  Define a stochastic process
2(t) = el MOW G5 fy s, (4.68)

Since b(t) is bounded, by Theorem 4.6 z(t¢) is a martingale under P( @« = 0 and 0 = 1 in
this case). Thus,

Q) = / ST bW (=% [T 020t g
Q

) = 2(0) = 1.

It is easy to see from the definition that () is nonnegative and additive on F. Hence @) is
a probability measure. Since z(t) is the Radon-Nikodym derivative of () with respect to P
and it is always finite and positive, () and P are equivalent.

Next, we show that W (t) is a standard Wiener process under Q.
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Recall (Section 4.2) that W (t) is a standard Wiener process if and only if for any real
A,

is a martingale. Denote that Eg the expectation under (). We need to show that for any

s>,
Eo{Zx(s) 1B} = Z,(b). (4.69)

Given any F' € B;, we have

/FEQ{ZA(S) |Bt}dQ:/FEQ{Z,\(s) B, }=(T)dP
= [ B{Bo{2(s) 1B}=(T) 1B.}AP = [ Eo{Zu(s) B} =(t)aP.

On the other hand,

Q{ZA(S) 1B, dQ:/ZA(s)dQ:/FZA(s)z(T)dP
{zA T) |B,}dP = /FE{E{Z)\(S)Z(T) B,} |B,}dP
A

E
E
E{Z\(s)2(s) |B.}dP.

I
TSI

Hence
EQ{Zx(5) |Bi}(t) = E{ Z:(5)2(s) |B.}. (4.70)

We now show that Z,(¢)z(t) is a martingale under P. Define
Xy(t) = 6)\W(t)+f0t b(s)dW

and
Xo(t) = e~ 3NA [y b(s)ds—3% [ 2 (s)ds

Then, Applying [to’s Lemma, we obtain

X, = %[A FO(OPXdt + [N+ b(0)] X, AW
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and

dX, = —%[A + b(1)]? Xodt.
The integration by parts yields
d[Z\z] = d[X1Xo] = [A + b(t)] ZrzdWV.
Similar to the proof of Theorem 4.6, Z,(t)z(t) is a martingale under P. Therefore,
E{Z\(s)2(s) |Bi} = Z(t)=(t).
Since z(t) is positive, we have from (4.70)
EQ{ZA(S) |Bt} = Z)\(1).

The proof is complete. -

It is important to note that 2~'(¢) can be written as
Sl =e Jo ()W (5)=% [ b%(s)ds (4.71)
Thus, z7!(¢) is a martingale under the probability measure (). This property is often used

when we need to change form the probability measure () to the probability measure P.

We now examine the SDE
dX = a(t, X)dt + o(t, X)dW (4.72)

under the new probability measure ).

Replacing W (t) by Ji b(s)ds + W (t), we have

dX = [a(t, X) + ot, X)b(t)|dt + o(t, X)dW. (4.73)

Thus, under the probability measure @, the SDE has new drift a(t, X') + o (¢, X)b(t) but
the same volatility o(¢, X'). This leads to the following corollary
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Corollary 4.10  Let X(¢) be a solution of the SDE (4.72), where o(t,z) is a positive

function. Also let §(¢,x) be a continuous function such that

p(t,x) — alt, x)
o(t,x)

(4.74)

is bounded.
Then, there exists a probability measure () such that under this measure X(¢) is a

solution of the following SDE

dX = B(t, X)dt + o(t, X)dW, (4.75)
where W (t) is a standard Wiener process under Q. Moreover, the Radon-Nikodym deriva-
tive of () with respect to P is

d T T 2
% _ oJy a4 [T i (4.76)

where
b(t) = Bt, X(t)) — at, X(t)
o(t, X(t))

Corollary 4.10 is a very important result for continuous-time finance models. As we

(4.77)

will see in the next chapter that no arbitrage in a price system will imply that there is a
unique probability measure such that all present value processes under this new measure are
martingales. It is equivalent to the condition that the SDEs representing price processes
will have the same drift. Thus, Corollary 4.10 provides a methodology to find a such
measure. We will study it further in the next chapter.

Another application of the Girsanov Theorem is to compute barrier hitting probabilities
for Wiener processes with drift.

Consider a Wiener process with drift p: W), (t) = put+W (t), where W(t) is the standard

Wiener process. Let © = a + kt be a straight line(horizontal or nonhorizontal). Define
T =inf{t; W,(t) =a+ kt}. (4.78)
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Then 7 is the first passage time for the barrier x+ = a + kt. It is easy to see that
T =1inf{t; W(t) — (k — p)t = a}. Let

b="Fk—pand z2(t) = W (=50 (4.79)
Then W (t) = W(t) — (k — p)t is a standard Wiener process under Q generated by z(T) in

(4.79) and 7 is the first passage time of W (t) under Q. Thus its density under Q is given
in (4.18). Let f(t;a,k) be the density function of 7. Then we have

f(tya, k)dt = E{x{reay}

= Es{X{reanz '(t)}

= 27N t) fu(t)dt = i e br(tra/b)? gy
(Ofa(t)dt = <
Thus,
fta k) = |2(:lt3 e_l;_t(t-i-a/b)z, (4.80)

where b is given in (4.79).
To identify the distribution of 7, we introduce the inverse Guassian(IG) distribution

which has density
(8 1

fia(z) = Wa‘%“‘ﬂ’ , x>0, (4.81)

where o > 0, 3 > 0. a and 3 are called the location parameter and dispersion parameter
respectively. Its distribution function can be expressed in terms of the distribution function

of the standard normal distribution

Fro(z) = N(%) + e /N ( — %) (4.82)

The Laplace transform is

fra(z) = €30 VIF202), (4.83)

If we allow « to be negative(a in the coefficient is replaced by |a| accordingly), we obtain

a defective inverse Guassian distribution since
fra(z) = €8 fra(x), (4.84)
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where f;¢(z) is the nondefective density of an IG distribution with location parameter —a

and dispersion parameter [3.

By comparing the density of the IG distribution and the function form of f(t;a, k), we
have the following Corollary.

Corollary 4.11 The distribution of the first passage time 7 defined in (4.78) for a Wiener
process with drift u is an IG distribution with o = —a/b and § = 1/b*. If —a/b > 0, the
distribution is nondefective hence 7 is a finite random variable. In this case, the Wiener
process pt + W (t) will hit the barrier x = a + kt sooner or later. If —a/b < 0, the
distribution is defective and Pr{r < oo} = e 2%,

Next, we consider the distribution of W (T'), W (t) + ut = a + kt for some 0 < t < T.
Let g(x;a, k) be its density function. Then,

g(x;a,k)dt = E{x{w(1r)ede,W,(t)=at+kt,0<t<T} }
= EQ{X{W(T)Edy,W(t):a,Ogth}'271(T)}
(where y = x + (u— k)T =2 — bT)
_ e—by—%b2Tga(y)dy (since 2 (T) = oW (D)=30*T _ e—by—§b2T)

= e_b”%bQTga(x — bT)dz,
where g,(z) is given in (4.19). We thus have

_(@=2a)®
L= 20 p < a4+ 0T

glw;a, k) =q V2, (4.85)
=€ T, x>a+bT

Similarly for a < 0, we have

_(@=2a)®
L= 20 2> a4+ 0T

glw;a k) =q Vo, (4.86)
=€ T, x<a+ 0T
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For the double-barrier case, the density function of W (T'), a;+kt < W (t)+ ut < a, +kt

forall 0 <t <T,is

_ [z+2n(ay —ap)]? [z—2ay +2n(ay —ap))?
Vi Dns e € e TR o PR ey,
a+ b1 <x<a,+ bl
f(x) = (4.87)
0,
z<a +blorzx>a,+bl.

\

The derivation is very similar to the single barrier case and is omitted.

4.9 Multi-Dimensional Ito Processes

In this section, we extend the results in previous sections to multi-dimensional Ito processes.
A stochastic process W (t) = (Wi (t), Wa(t),- -, Wi(t)) is said to be an I-dimensional
standard Wiener process if W;(¢),i = 1,---, I are independent standard Wiener processes.
In general, an I-dimensional stochastic process is a Wiener process if each of its components
is a Wiener process. However, the components do not need to be independent of each other.
Let A = (Ay,---, ;)" be a real-valued vector, where ' denotes the corresponding trans-

pose. Similar to (4.8), W (t) is a standard Wiener process if and only if
Zy(t) = X WH—s\N (4.88)

is a martingale (with respect to the Borel filtration generated by W (t)).
A stochastic process X (t) = (X (t), Xa(t),- -, Xn(t)) is a solution of an N-dimensional

SDE
I
dXp, = oy, (6, X)dt + ) i, X)dW, (4.89)

=1

3 [ ol X ()i (s) (4.90)



Easy to see that every term in (4.90) is well-defined.

The conditions which guarantee the existence and uniqueness of a solution remain the
same as that in the one-dimensional case, i.e. all a,(t,x) and 0,;(t,z) are Lipschitz in x
and grow linearly in z.

The following theorems are the analogy of Theorems 4.3, 4.6 and Corollary 4.10.

Theorem 4.11(Ito’s Lemma)
Let X(t) be a solution of the SDE (4.89) and ¢(¢,x) = g(t, x1,- - -, zx) a function which
is continuously differentiable in ¢ and continuously twice differentiable in each z,. Then

g(t,X(t)) is a solution of the following SDE

dg(t,X) =

+ 2 i omi(t, X)%Q(t, X)dW;. (4.91)

It can be seen that Theorem 4.4 is an immediate consequence of this theorem with

g(tal"l,l"z) = T1%2.

Theorem 4.12 Denote that «a(t,x) = (a(t,x), -+, an(t,x)) and o(t,x) = [am(t, X)],
a N x I matrix. If o(¢,x) is bounded, then for any bounded stochastic process b(t) =

(bl (t)7 T bN(t))la

Zb(t) _ efot b’(s)dX(s)—fOt b’(s)a(s,X(s))dS—% fot b’ (s)o’ (s,X(s))o(s,X(s))b(s)ds (492)
is a martingale.

Theorem 4.13(Girsanov Theorem) Let X(t) be a solution of the SDE (4.89). For a given
vector-valued function 3(t,x) = (f1(¢,%),---, By (t,x))’, suppose that there is a bounded
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I-dimensional function v(¢,x) = (71 (¢, %), -+, v:(t,x)) such that
B(t,%) = alt,x) + o(t, %) (1, ). (4.93)

Then, there exists an equivalent probability measure @) such that under @, X(t) is a
solution of the following SDE

I
dX,, = Bu(t, X)dt + 3 0, (t, X)dW;, (4.94)
=1

n=1,---,N, where W(t) = (Wy(t),---,W;(t)) is a standard Wiener process under Q.
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Chapter 5

Continuous-Time Finance Models

5.1 Security Markets and Valuation

Consider an economy characterised by a probability space (2, F, P), where  is the state
space, F the collection of all possible events and P the probability measure which may
be interpreted as the homogeneous belief among investors. In this economy, there is a
continuous trading security market with trading period [0, T]. F;, 0 <t < T is the corre-
sponding information structure with Fy = {¢, Q} and Fr = F. The precise definition of an
information structure and its interpretation are given in the sections 2.1 and 2.3. Assume
that there are N + 1 traded securities. Their prices at time t are po(t),pi(t),-- -, pn(t),
respectively. Among them, one, say the first security pg, is the money market account.

The spot rate for the money market account is defined as

r(t) = lim LZ2BIFT) (5.1)

70+ T

p(t,t+7) is the price at time ¢ of a default-free bond which pays one unit at time ¢+ 7(see

Section 3.5), i.e. r(t) is the instantaneous interest rate at time ¢. Hence we have
t
pot) = el (5.2)
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or

dpo = r(t)podt. (5.3)

Others are described by a system of stochastic differential equations:

N
dpn = a(t, p)dt + ) oni(t, p)dW;, (5.4)

i=1
n=1,---,N, where p = (pg,p1,--+,pn). Moreover, we assume that the matrix o(¢,p) =

[0ni(t, p)] is nonsingular for all p > 0. The difference between the money market account
and other securities is that the former does not have a diffusion term hence is of finite
variation.

A trading strategy 0(t) = (6:1(¢),---,0n(t))" of an investor is a stochastic process on
[0, T such that the investor owns 6, () shares of security n at time ¢. In these notes, we

restrict ourselves to those trading strategies which satisfy

E(/OT 02 (1) (1, p(1))dt) < o, and E(/OT 02 ()0, (¢ p(D)dt) < 0. (5.5)

A trading strategy 6(¢) is self-financing if for any ¢,

N N

> 0u(t)pa(t) = 32 0a0)pa(0) + 3 [ 0u5)dpns), (5.6

n=0 n=0 =0
The second term in the right-hand side represents the capital gain achieved by 6(t) over

[0, t). We may write equation (5.6) in matrix form

Y (1)p(t) = 0'O)p(0) + [ #(s)dp() 6.7

or simply

d[0'(H)p(t)] = 0'()dp(t). (5.8)

Example 5.1 Simple Self-Financing Strategies
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Let 0 =1ty < t; <--- <ty =T be a sequence of preset times. A trading strategy 6(¢)

is said to be simple if
0(t) = 0(ty), tm <t <tpy1, m=0,1,--- M —1. (5.9)

A simple trading strategy is self-financing if and only if

Z:Ogn(tm)pn(thrl) = Z:()en(thrl)pn(thrl)- (510)

Thus, under a simple trading strategy, trading occurs only at a finite number of preset
times. The value of the portfolio held by the investor before each trading is equal to the
value of the portfolio after the trading. —
The price system p(t) does not admit arbitrage if for any self-financing trading strategy

6(t), neither
6'(0)p(0) =0 and 0'(T)p(T) >0 (5.11)

nor

0'(0)p(0) < 0 and ¢ (T)p(T) > 0 (5.12)

can happen.

A contingent claim is such that its payoff, made at time 7', depends on the prevailing
state at time 7. Thus any contingent claim is represented by a random variable X on
(Q, F, P), where X is the value of the payoff at time 7. A simple example is a European
option expired at time T". The above concept can be generalised to contingent claims paid
at other times. However, if we assume that any payoff will be deposited right away into the
money market account and there is no withdraw until time 7', all situations are equivalent.
In these notes, we only consider the contingent claims whose second moments exist. Hence,
all contingent claims form a Hilbert space(Appendix B). A contingent claim X is said to

be attainable if there is a self-financing trading strategy 6(¢) such that
T
X = ¢'(0)p(0) +/ 0'()dp(t). (5.13)
0
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Similar to the discrete case, a market is called complete if every contingent claim is attain-
able. In general, a market might not be complete. However, if o(¢,p) is nonsingular for
all p > 0, every contingent claim is attainable and the market is complete. This can be
proved by the Martingale Representation Theorem[8].

We now look into the valuation of contingent claims. We always assume that the price
system p(t) does not admit arbitrage. Let X be a contingent claim. If it is attainable,

then
X = 0OpO) + [ #@)dp()

for some self-financing trading strategy 0(¢). Naturally, we define the price ¢(X) at time 0
of X as #'(0)p(0). Under the no-arbitrage condition, ¢(X) = ¢'(0)p(0) is uniquely defined
even if there is more than one self-financing trading strategy. It is also easy to see that
#(X) is a strictly positive, continuous, linear functional on the space of all contingent
claims, since the market is complete.

We are now able to price all contingent claims. However, the method we employ is not
very practical. The corresponding self-financing trading strategy is unsovable except for
a few cases. Below we are looking for a different approach to define the price functional
which will provide a practical method for pricing contingent claims.

Let us first define the present value process of each security:
“r(s)d
an(t) = e Jo Ty (1), n=0,1,---,N. (5.14)

Thus, a,(t) is the time-0 value of p,(t), discounted at the short rate process. Thus, po(t)

serves as a benchmarking security.

Lemma 5.1 Let 0(t) be a self-financing trading strategy for p(t). Then it is also a
self-financing trading strategy for a(t) = (ao(t), a1(t),-- -, an(t))’. ie.

#(ta(t) = #(0)a(0) + [ "0/(s)da(s). (5.15)
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Proof:
do'(Da(t)] = dle Jo @0 (1)p(t)]
— el O p)] — e Jo T 1) (H)p(t)dt
— o fotr(s)dsel(t)dp(t) e fot r(s)ds,r(t)el(t)p(t)dt
= 0'(t)da(t).

1

Theorem 5.2 The price system p(t) does not admit arbitrage if and only if there is a
unique probability measure ) equivalent to P such that each present value process a,(t)

is a martingale under (). Furthermore, for any contingent claim X,
T
6(X) = Eg(e o 10 X). (5.16)
The probability measure @ is referred to as the risk-neutral probability measure.

Proof: Sufficiency. Let Q be a probability measure such that each present value process

a,(t) is a martingale under @). For any self-financing trading strategy (), (5.15) yields
T
0'(T)a(T) = 0'(0)a(0) + / 0'(s)da(s). (5.17)
0
Since ay,(t) is a martingale under @), we have

EQ(/O 0u(5)dan(s)) = 0.
Thus,
Eq(0'(T)a(T)) = 6'(0)a(0).

It is easy to see that neither (5.11) nor (5.12) can happen under this identity.
Necessity. By the Riesz Representation Theorem(Appendix B), there is a unique ran-
dom variable Z such that

o(X) = B(eJ 10 x 7). (5.18)
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Since ¢ is strictly positive, so is Z. Furthermore,

T

B(Z) = ¢(elo 0y = 1.

T
This is because the claim efo "% can be replicated by depositing one unit into the money

market account. Thus, we may define a probability measure () as follows: for any F' € F,

QF) = E(xrZ), (5.19)

where yr is the indicator of F'. It is easy to see that () is equivalent to P since Z is the
Radon-Nikodym derivative of ) with respect to P and it is strictly positive.
We now show that each a,(t) is a martingale under (). For any ¢ < s and F € F,

construct a self-financing simple trading strategy 0(t) as follows:
L. Oy (t)=0,n #0,n0<t <T.
2. 6p(t") =6,(t")=0, 0 <t <t
3. 0,(t") = xr and Oy(t') = —a, (t)xp, for t <t <s.
4. 0,(t') =0 and Oy(t') = [an(s) — an(t)|xF, for s < t'.

This strategy says that we buy one share of security n at time ¢ and then sell it at time s.

Since this strategy costs nothing the price of the terminal payoff
T r(u)d
X = el %a, () — au(t)xr
is zero by the no-arbitrage condition, i.e.

0=¢(X) = E([an(s) — an(®)]xrZ) = Eq([an(s) — an(t)]xr).

Since F' is arbitrary, a,(t) is a martingale under Q. ]
The advantage of this result is that instead of finding a self-financing strategy we only

need to find an equivalent probability measure such that under the new measure all present
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value processes are martingale. In many cases this can be done quite easily thanks to the
Girsanov theorem.
To illustrate how to use this technique, we reconsider the Black-Scholes model. Using

the same notations as in (4.51) and (4.52), the present value process
a(t) = e ' S(t).

Thus,
da = (o — §)adt + ocadW.

Since a(t) is a martingale if and only if its drift term is zero. By Corollary 4.10, we may

choose
) —«
b(t) = 5.20
1) ="" (5.20)
and
Z(t) = e W35 (5.21)
Under the probability measure
QF) = / Z(T)dP, (5.22)
F
a(t) is a martingale. Also, by Theorem 4.9,
~ ) —«
W(t)=— t+ W(t) (5.23)
o

is a standard Wiener process under (). Thus,
dS = aSdt + 0SAW = §Sdt + oSdW, (5.24)

i.e. S(t) is a geometric Wiener process with parameters § and o under Q.
For any European option which pays ®(S) at time 7" when the security value at T is
S, its price is

$(®(S)) = e Eo(®(9)),
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which is exactly (4.62) and we obtain the Black-Scholes formula again.

We now consider some variations of the Black-Scholes pricing formula.

First, let us assume that in addition to the prices of a bond and a risky security subject
to Equations (4.51) and (4.52), the risky security pays dividends continuously at a fixed

rate (. This model was discussed in [27] and [28]. In this case the present value process is

a(t) = (/Ot e S (u)du + e S(t).

and
da = [a — /0lt e S (u)du][(a+ ¢ — &)dt + odW].
Thus,
b(t) = d—a— ¢
o
and
Z(t) = e Ta WH—5(5=5=0)"

Under the probability measure

a(t) is a martingale and

W(t) = ——— St W(t)
o
is a standard Wiener process under (). Thus,
dS = aSdt + oSdW = (6 — ¢)Sdt + aSdW, (5.25)

i.e. S(t) is a geometric Wiener process with parameters § — ¢ and o under ). Let ¢4 be

the price at t of a European call whose payoff at T is max{S(7T) — K, 0}. Then,

~ ~

bg = e TSN (dy) — Ke "IN (dy), (5.26)
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where

d, = log(S(t)/K) + (0 = C+30°)(T — 1)
1 N1

and
g Jos(S(t)/K) + (0 — ¢~ 30°)(T —t)

2 oI —t

Next, we derive the price of a futures option. A futures contract on an underlying

security promises its holder to purchase the security at a certain time at a certain price.
Its buyer and seller both have obligation to honour the contract. Hence the price of a
futures contract is stochastic during the lifetime of the contract. Let F'(¢) be the futures
price at time ¢ of a risky security S(t) to be delivered at time 7". Under the Black-Scholes

framework, it is easy to see that
F(t) = TV Eq(S(T)) = 05 (1),

where () is defined in (5.22).
Suppose that a futures option maturing at time 77 < T with strike price K. Hence its

payoff is max{F (7)) — K, 0}, delivered at T. The price of this option is
¢r = e T Eg{max{F(T)) — K, 0}},
which is equivalent to

¢r = e T Eg{max{S(Ty) — Ke """, 0}}

= e "T[F(0)N(dy) — KN(dy)), (5.27)
where
i log(F(0)/K) + 30T}
1= o /Ts
and

d — log(F(0)/K) — 30°Th
2 = o /T, :

The above formula is the well known Black futures formula.
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The final variation we consider in this section is the compound option discussed in [10].
This is the case of an option on an option. We illustrate this type of options by a call on a
call. We have seen that the payoff of a call maturing at time 7" is max{S(7T) — K, 0}. The
price of such a call at time 77 < T then is ¢.(71, S(7})) given in (4.63). Then a compound
call with strike price K maturing at 77 on a call with strike price K and maturing at 7',

has payoff max{¢.(T1, S(T})) — K, 0}. The price of this compound call is
beo = ¢ "1 Bo{ max{¢o(T1, S(T1)) — Ky, 0}}.

Let 2o be the solution of S(0)e®=27")T1+ovTizo N (d, (1)) — Ke 5 T-TIN(dy(z)) = K1,
where dy(x¢) = dy(z0) + o/T — T} and dy(z¢) = 10%(5(0)/K)J;E;5;E;1 JT+ov/Tiwo.
Thus,

o0

b0 = S(0) / N(dy(z + oy/T))n(z)dz — e T / °° N(do(2))n(2)de — e Ky N (—a).

(5.28)

0

It is important to point out that we choose the money market account as the bench-
marking security in this section because it is commonly used in practice and because it
results in simple derivation of the results. However, any positive valued security can serve
as the benchmarking security and there is a need to use other securities in some valuation
problems. The choice of a benchmarking security largely depends on what security market
we deal with. The money market account is often used for an equity market. For a bond
market we may use either the money market account or a long term zero-coupon bond. In

a swap market, a long term swap sometime is more appropriate.

5.2 Digital and Barrier Options

In this section, we apply the results in the previous section to exotic options. We focus on
some digital(binary) options and European-type barrier options under the Black-Scholes

framework. A digital option has a step payoff function, contingent on several random
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events. A simple example is the cash-or-nothing option which pays a fixed amount if
its underlying security reaches a predetermined level at a preset time, otherwise nothing.
Barrier options as their names suggested are those whose payoffs depend upon whether their
underlying security hits a predetermined barrier or not. Typically, there is a predetermined
value H called barrier. When the value of the underlying security hits the barrier the status
of a predesignated option changes. Their definition will become clear later. Barrier options
are classified as IN options and OUT options. Under an IN option, the predesignated option
starts when the value of the underlying security hits the barrier whilst under an OUT
option, the predesignated option starts immediately but will expire when the value of the
underlying security hits the barrier. In this section, we describe a down-and-in European
call option and a up-and-out European call option in details. Other barrier options such
as down-and-in put, down-and-out call, down-and-out put, up-and-out put, up-and-in call

and up-and-in put are similar and can be understood easily from their names.

Down-And-In Furopean Call Like a usual European call, this option has strike price K
and expiration time 7. A barrier H, H < S(0), is predetermined, where S(t) is the value
of the underlying security at time ¢. If S(¢) hits the barrier H before T', the usual European
call starts and the terminal payoff is max{S(T) — K, 0}. Otherwise the value of terminal

payoff is zero.

Up-And-Out European Call 1In this case, barrier H > S(0), If S(¢) hits the barrier H
before T', the value of the terminal payoff is zero, Otherwise the value of the terminal

payoff is max{S(T) — K, 0}.

From the above description, the terminal payoff of a barrier option depends not only
on the terminal value of the underlying security but its value in the past. Thus barrier
options are path-dependent options.

We now turn to the valuation problem for digital and barrier options. Again, we assume
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a Black-Scholes economy characterised by (4.51) and (4.52). Under the unique risk-neutral
probability measure @) defined by (5.20)-(5.22), the value of the risky security S(t) is a

geometric Wiener process satisfying
dS = 6Sdt + o SdW,

or

S(t) = e((ﬁ*%)i#»UW(t).

The price of an option is then the discounted value of its terminal payoff under the risk-

neutral probability measure (). We assume that 6 — "72 > 0. The case § — "72 < 0 can be

dealt with accordingly. The case § — "; = ( is the limiting case of either above case.
Three probability densities in (4.80) and (4.85) will play a very important role in

valuation.

Let

1. fy(t), the density that represents the probability when the value of the security S(t)
hits the barrier H at time ¢ for the first time.

2. fp(x), the density of W(T) on the event that the value of the security S(t) hits the
barrier H, H < S(0), before time 7.

3. fu(z), the density of W(T') on the event that the value of the security S(t) hits the
barrier H, H > S(0), before time 7.

Remark. The first density might be defective depending on the value of H. The last two
densities are defective.

Define the first hitting time 75 of S(¢) as
g = inf{t; S(t)=H}. (5.29)

Then,
g = inf{t; W(t) — bt = a},
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where

1 1 o?
a=—log(H/S(0)), b=——(0 — —). (5.30)
o o 2
Then the density of 75 is just a restatement of (4.80):
2 2
fu(t) = ol Gram (5.31)

V23
Next, we derive the densities fp(z) and fy(x).

Let us first consider H < S(0). In this case, a < 0. (4.86) yields

Lemma 5.3 The defective density function of W (T') on the event that the path S(¢) hits
the barrier H, H < S(0), is

0_2
o L, z < Llog(H/S(0)) — ==T
D\T) = _o2 2
L rle S loa(H/SON 2 s H/S0) | Llog(H /S (0)) — T
(5.32)

The derivation of fy () is very similar. In this case, @ > 0. Thus, (4.85) yields

Lemma 5.4 The defective density function of W (T') on the event that the path S(¢) hits
the barrier H, H > S(0), is

S—ﬁ 2

oy | e SO 500 < Srog(11/5(0)) - T
v 2
217rT67%$2’ x> L log(H/S(0)) — 6_(,TT
(5.33)

We are now in the position to value some digital and barrier options. We begin with a
digital option which pays a lump sum amount when the value of the underlying security
hits a predetermined barrier. Then we evaluate the down-and-in call option and the up-

and-out call option we have discussed. Other single barrier options can be evaluated in a

similar manner( also see [23, 26]).
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Suppose that a digital option pays amount K at the time when the value of its under-
lying security S(¢) hits barrier H > S(0) before time 7". The present value of its payoff is
e~ (. Thus, its price at time 0 is

¢a = Eofe " KxX(ry<r} =K /0 Lo fr(t)dt

B —\a/;(/Tt_%e_“e‘%(”“/bpdt
T J0

2
_ K iy /Tt—%e‘b ) g
V2 0

_ Ke—a(b+\/m)N( V0?4 26T — a) n Ke—a(b—m)N(_ Vb2 4+ 20T +a
VT VT

Noting that a = X 1og(H/S(0)), b= —=(6 — %2), and v/b? +20 = L(6 + %2), we have

o

).

bo— K[%]—IN(JI) T K[%]”/“QN(JZ), (5.34)

where
i log(S(0)/H) + (6 + 30°)T i log(S(0)/H) — (6 + 30°)T
1 T , dy T :

We now consider barrier options. For the down-and-in call, the terminal payoff is

max{S(T) — K,0}, if maxoc<r S(t) < H

XD] - o (535)
0, if maXp<¢<T S(t) > H
Hence,
o.¢] 0_2
Bo(Xni) = /_ max{S(0)e?®~ T+ _ [ 0} fp(z)dz
= [ 2 (S(0)e 5T _ [) fp(2)d
/ilog(K/S(o>>572T( (0)e )JIv(e)ds
If K > H,
00 o2 1 1 2 2 5_4
_ (0— %) T+ox | — 57 2= 2 log(H/S(0))]* +2—=* log(H/S5(0))
Eq (XDI) = 5(0) /llog(K/S([)))s%Te \/27r—T€ T 2 dx




2

B K/ 1 6_%[93—%log(H/S(O))]z-i-?&;;T log(H/5(0)) 4.
log(K/S(0))~

mﬁg

) T /27T
5 1 00 1 2 2
— 50 ST +22 7 1og(H/5(0)) / e 3l (Zlog(H/S(0)+oT)] 4
(0)e Vor log(K/S(0))— 5‘?7’6 ¢
0_2
L g lesi/S(0 2 e Srla=Zlog(H/SO)P g,
Liog(K/S(0)— —Z.T
A change of variables easily yields
E _a?
Eq(Xpr) = S(0)eXT+2 2 08(H/SO) N () — 2 o7 osH/SO) (g, (5.36)
where - ,
log 2~ + (6 + < log 5= + (0 — & )T
dy = — 550 HO+ )T and dy = — 250 C-%) . (5.37)
a\/T oVT
If K < H, the density fp(z) is piecewise. Write
0_2
00 L 1og(H/S(0 JTT 00
/ s_o2 _/ _ﬁ +ﬁ s_g2 -
log(K/S(0 2 log(K/S(0 2T 2 log(H/S(0))-—=+T
It is easy to see from above and the Black-Scholes formula that
5+%- 2 o
Bq(Xor) = SO0 PPNy (H) + N (e (K) = N(eh (H) }
- K{62 T a0 IN(ds(H)) + N(do(K)) = N(do(H))}, (538

where di(H) and dy(H) are given in the Black-Scholes formula with strike price H, and
ds(H) and dy(H) are given in (5.38) with K = H. In summary, we have the following

theorem

Theorem 5.6 Let ¢(Xps) be the price of the down-and-in call with stike price K, barrier
H and expiration time 7.

If K > H, then
$(Xpr) = S(0)[H/S(0)]*/7" ' N(ds) — Ke~""[H/S(0)]*/*" "' N(d,), (5.39)
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where d3, d, are given in (5.37).
If K < H, then

$(Xpr) = S(0){[H/S(0)/"*'N(ds(H)) + N(di(K)) — N(di(H))}
Ke T {[H/S(0)]2/" " N (dy(H)) + N(da(K)) — N(dy(H))}, (5.40)

where di(H), dy(H), d3(H) and d4(H) are given in (5.38).

Proof: Tt follows immediately from

¢(XDI) = eiéTEQ (XDI) .

To value the up-and-out option, we may use the put-call parity

H(X) = d(Xu1) + ¢(Xvo), (5.41)

where Xy; and Xyo denote the terminal payoff of a up-and-in option and a up-and-
out option, respectively, or calculate it directly using Lemma 5.5. We here show how to
calculate it directly. We suppose that K < H, otherwise the value is null. To keep the
notation simple, we use a and b instead for the moment. The defective density for the up-
and-out option is fyo(z) = f(z)— fu(x), where f(x) is the density of a normal distribution

with mean 0 and variance T'. Thus,

(5.42)

fro(2) 217rT [6_%5’32 — e~ or(z—20)*~ 2ab], z<a+bT
Uo -
0, x>a+bT.

Eq(Xyo) = /_ G:’T max{S(T) — K, 0} fuo(x)dx

a+bT , )
= / o2 [S(T) — K] [6_%55 _ 6—%(:13—2(1) _2ab]dl'

élog(K/S(O)) 2T

= {S(0)e"[N(d EK) N(di(H))] — K[N(d2(K)) — N(d2(H))]}
. {S(O)€6T+2 02

oe(H/SOV[N (dy) — N (d3(H))] — Ke* =7 "5 HSONN (d,) — N(dy(H))]}.
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We then have

Theorem 5.7 Let ¢(Xyo) be the price of the down-and-in call with stike price K, barrier
H, H > K, and expiration time 7. Then,

$(Xvo) = S(0){[N(di(K)) — N(dy(H))] - [H/S(0)]*/7 [N (ds) — N(ds(H))]}
— Ke "{[N(dy(K)) — N(dy(H))] — [H/S(0)*/"* [N (ds) — N(da(H))]}.  (5.43)

5.3 Interest Rate Models

5.4 Swaps and Swaptions
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Appendix A

Probability Theory

Let 2 be a space and F is a collection of subsets of 2. F is said to be a o-algebra on 2 if

it satisfies
1. The empty set ¢ and the whole space €2 are in F;
2. If Fy, Fy,--- arein F, then U2, F, is in F;
3. If Fis in F, its complement F¢ is in F.

The pair (Q, F) is called a measurable space.

Let X be a real-value function defined on Q. If for any = € R, the set {X < z} € F,
X is said to be measurable on (€2, F).

Let P: F — R, satisfy

2. For any F1 and FQ with F1 ﬂFQ = ¢, P(Fl U Fg) = P(Fl) +P(F2),

P is called a probability measure on the space (€2, F) and the triplet (2, F, P) is called a

probability space.
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A real-value function X defined on ) is a random variable if it is measurable on

(Q, F, P). The expectation of a random variable X is defined as
E(X) = / XdP,
Q

Given two o-algebras F; and F; on (2, we says F; is finer than F; if Fy C F
Suppose that Fj is coarser than F, the expectation of X conditional on F;, E(X|F;)
is a random variable on (€, Fi, P) such that for any F' € F,

/FE(X|.7-"1)dP:/FXdP.

Hence if F is finer than F,, E(E(X|F)|F2) = E(X|F2).

Let F;,0 <t < T be a collection of increasing (finer and finer) o-algebras which are
coarser that F. Then (2, F,F;, P) is called a filtered space and F;,0 < t < T is the
filtration on the probability space (2, F, P).

A collection of random variables X (), 0 < t < T is called a (adapted) stochastic
process if each X (t) is a random variable on (2, F;, P). A (adapted) stochastic process
X (t) is called a martingale with respect to F;,0 < t < T if for any s > t,

E{X(s) |} = X(1).

Levy’s Convergence Theorem Let F,(z) be a sequence of distribution functions and
fn(2) be the corresponding characteristic functions. If there is a distribution function F'(z)

with its characteristic function f(z) such that

1. f(z) is continuous at z = 0;
2. 1im, o0 fn(2) = f(2).
Then, F,(x) is weakly convergent to F'(z). Therefore,
Jim Pr{a < X,, <b} =Pr{a < X < b},
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where X, and X has df F,(z) and F(z).

Central Limit Theorem Let X, be a sequence of iid random variables with mean g

and standard deviation o. Let

X i+ X+ X,

YTL Y
Vno

the normalised sum of Xy,---, X,,. Then,

: Lorh a2
JL%Pr{a<Yn§b}:ELe > d.

108



Appendix B

Functional Analysis

A linear space H is a Hilbert space if (i) there is a symmetric bilinear map (z,y) — z oy
from H x H to R such that zex > 0;xex = 0 only if z = 0. The norm of each z is defined
as ||z]| = v/r e x and the distance between z and y is d(z,y) = ||z — y||; (ii) the space is
complete under this distance( i.e. the limit of any Cauchy sequence in # still belongs to

A linear functional on H is a linear map from H to R. A linear functional f(z) is
said to be continuous if there is L > 0 such that ||f(z)|| < L||z||. A set N in # is called

a hyperplane if there exist a continuous functional f(z) and a real number A such that

N = {z; f(z) = h}.

Riesz Representation Theorem  Let f(x) be a continuous linear functional. Then

there is a unique z € H such that

f(z) =z ez forany z € H.

An Application:  Let H be the set of all random variables whose second moment exist

on a probablity space. Define X ¢ Y = E(XY'). Then # is a Hilbert space. Hence for

109



any continuous linear functional f(X), there is a unique random variable Z whose second

moment exists such that f(X) = E(XZ).

Hahn-Banach Theorem  Let A and B be two disjoint convex sets in a Hilbert space
H. Assume that there exist a € A and b € B such that d(A, B) = |ja—b||, where d(A, B) is
the distance between A and B defined by d(A, B) = inf{||z—y/||; forany x € A and y € B}.
Then, there exists a z € ‘H and a scalar h such that for any v € A, x e z > h, and for any

y € B, yez < h. In other words, the sets A and B are separated by a hyperplane.

Proof:  We first show that for any v € A, (r —a)e (b —a) < 0, and for any y €
B, (y—b)e(a—b) <0.Let 0 <\ < 1. then zy = (1—A)a+ Az isin A from the convexity
of A. Thus,

Ib—all* < lb—axl* = [Ib—a— Al —a)[|* = [lb—all* = 2A(b— a) ® (v — a) + N||z — a]|*.

This gives
0< —2(b—a)e(z—a)+ Az —a|?

Let A — 0. We obtain the first assertion. The second assertion can be obtained similarly.

Now, let 2z = a — b. Then we have
rez>aez, yez<bez

for any r € A and y € B. Since ||a —b|| > 0,a e z > b e z. We may choose h such that

aez>h>bez we prove the theorem. -
Remark. If A is compact(equivalently closed and bounded in a finite dimensional space)

and B is closed, the distance condition in the above theorem is satisfied automatically.
To show that in Theorem 1.2 of Chapter 1, there exist a € A and b € B(0, p) satisfying
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the condition in the Hahn-Banach Theorem, we define the set
1
Alz{l'GA; 1‘0+"'+1'J:§}.

From the above remark, there are a € A; and b € B(0,p) such that d(A;, B(0,p))

||a — b[|. We will show it is true for A as well. Actually, it suffices to show d(A;, B(0,p)) <
d(4, B(0, p)).
For any = € A, let b, € B(0,p) such that

||.T - bx” = d($,8(0,p))

Then for any y € B(0,p), (x—"b;) (y —b,) < 0. Thus, (z —b,) (y — b,) = 0, which implies
(x — b))y = 0, for any y. Choose 0 < A < 1 such that \x € A;. We then have from the
same argument that

and for any y € B(0,p), (Ax — by)'y = 0, for any y. Hence, by = Ab,. This implies that
d(Az, B(0,p)) = Ad(z, B(0,p)) < d(z, B(0,p)).

We complete our proof. ]
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